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Abstra ct. Scroll wavesare three-dimensionalstacks of rotating spi-
ral waves,with spiral tips aligned along �lamen t curves. Such spatio-
temporal patterns arise, for example, in reaction di�usion systemsof
excitable media type.
We intro duce and explore the crossover collision as the only generic
possibility for scroll wave �lamen ts to change their topological knot
or linking structure. Our analysis is basedon elementary singularity
theory, Thom transversality, and abackwards uniquenessproperty of
reaction di�usion systems.
All phenomenaare illustrated numerically by six mpeg movies down-
loadable at

http://www.mathematik.uni-bielefeld.de/do cumenta/v ol-05/21.html
and, in the printed version, with six snapshotsfrom each sequence.
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35K55, 35K57, 37C20
Keywordsand Phrases:Parabolic systems,scroll wavepatterns, scroll
wave�lamen ts, spirals, excitable media,crossover collision, singularity
theory, Thom transversality, backwards uniqueness,video.

1 Intr oduction

Spatio-temporal scroll wave patterns have beenobserved both experimentally
and in numerical simulations of excitable media in three spacedimensions. See
for example[36, 25, 20] and the referencesthere. Typical experimental settings
are the Belousov-Zhabotinsky reactions and its many variants.
In two spacedimensions, or in suitable planar sections through scroll wave
patterns, rigidly rotating spiral wavepatterns occur; see�gure 1. For pioneering
analysis motivated by propagation of electrical impulses in the heart muscle
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Figure 1: Spiral wave patterns (model seesection 6). Shown on the left is a rigidly
rotating spiral wave with parameters as in section 6, on the right is a meandering
spiral wave, with parameter a = 0:65 instead of a = 0:8. For color coding seesection 7.

see [34], 1946. Meandering tip motions are also observed; see for example
[35, 38, 5, 4] and the referencesthere. There is someambiguit y in the de�nition
of the tip of a spiral. It is an admissiblede�nition in the senseof [13, sec.4],to
associate tip positions (x1; x2) 2 R2 at time t � 0 with the location of zerosof
two components (u1; u2) of the solution describing the state of the system:

u = (u1; u2)( t; x1; x2) = 0:(1.1)

In a typical excitable medium the valuesof (u1; u2) trace out a cycle as shown
in �gure 2, along x-circles around the spiral tip. In a singular perturbation
setting, steep wave fronts are observed along these x-circles. Only near the
spiral tip, theseu-cyclesshrink rapidly to the tip-value u = 0.
This scenario,amongother observations, motivated Winfree to attempt a phe-
nomenologicaldescription in terms of states ' = u=juj 2 S1, for (almost) all
x 2 R2, with remaining singularities of ' at the tip positions. In the present
paper, we return to a reaction di�usion setting for u = u(t; x) 2 R2, keeping
in mind that the set u(t; x) = 0 is particularly visible, distinguished, and de-
scriptively important { not as an \organizing center"whic h causesthe global
dynamics to follow its pace,but rather asa highly visible indicator of the global
dynamics. In fact, de�ning tip positions by other nonzerolevels(t; x) � const:;
inside the cycle of �gure 2, works just as well, and only reects someof the
ambiguit y in the notion of \tip position", as was mentioned above. With all
our results below holding true, independently of such a shift of u-values, we
proceedto work with u(t; x) = 0 as a de�nition of tip position.
Scroll waves in three spacedimensions x = (x1; x2; x3) 2 R3 can be viewed
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Figure 2: A cycle of values (u1 ; u2)( t; x0) through a time-p eriodic wave front at a
suitably �xed position x0 in an excitable medium (see section 6). Polar coordinates
de�ne a phase ' 2 S1 along the dotted cycle.

as stacks of spiral waveswith their tips aligned along a one-dimensionalcurve
called the tip �lament . As in the planar case, the tip �lamen t may move
around in R3, and the associated sectional spirals may continuously change
their shapesand their mutual phaserelations with time. Denoting by (u1; u2)
two components of the solutions of the associated reaction di�usion systems,
again, we can consider �lamen ts ' t as given by the zero sets

u = (u1; u2)( t; x1; x2; x3) = 0:(1.2)

We use two components here becausethe local dynamics of excitable media
are essentially two-dimensional. More precisely, for each �xed time t > 0 the
�lamen ts ' t describe the zerosx 2 R3 of the solution pro�le

x 7! u(t; x):(1.3)

In other words, the �lamen t ' t is the zero level set of the solution pro�le u(t; �)
at time t:
Supposezerois a regular valueof u(t; �), that is, the x-Jacobianux (t; �) possesses
maximal rank 2 at any zero of u. Then the �lamen ts ' t consist of embedded
curvesin R3, by the implicit function theorem. Moreover the �lamen ts depend
as smoothly on t as smoothnessof the solution u permits.
Therefore, collision of �lamen ts can occur only if the rank of ux (t; �) drops. To
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Figure 3: A scroll wave and its �lamen t. The band is tangential to the wave front
at the �lamen t.

b.) t = t0 c.) t > t0a.) t < t0

Figure 4: Crossover collision of oriented �lamen ts at time t = t 0

analyze the simplest possiblecase,we assume

u(t0; x0) = 0;
co-rank ux (t0; x0) = 1:

(1.4)

Let P denotea rank oneprojection along rangeux (t0; x0) onto any complement
of that range. Let E = ker ux (t0; x0) denote the two-dimensional null space
of the 2 � 3 Jacobean matrix ux . We assumethe following non-degeneracy
conditions for the time-derivative ut and the Hessianuxx , restricted to E :

Put (t0; x0) 6= 0; and
Puxx (t0; x0)jE is strictly inde�nite :

(1.5)

A speci�c example u(t; x) satisfying assumptions(1.4), (1.5) at t = t0; x0 = 0
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is given by

u1(t; x) = (t � t0) + x2
1 � x2

2
u2(t; x) = x3:

(1.6)

In �gure 4 we observe the associated crossovercollision of �lamen ts in pro-
jection onto the null spaceE: at t = t0 two �lamen ts collide, and then re-
connect. Note that after collision the two �lamen ts do not reconnect as be-
fore, re-establishing the previous �lamen ts. Instead, they cross over, forming
bridges betweenoriginally distinct �lamen ts. Figure 4 describes the universal
unfolding, by the time \parameter" t, of a standard transcritical bifurcation in
x-space. In fact, supposeu(t; x) satis�es assumptions(1.4), (1.5). Then there
exists a local di�eomorphism

� = � (t)
� = � (t; x)

(1.7)

mapping (t0; x0) to � 0 = t0, � 0 = 0, such that the original zero set trans-
forms to that of example (1.6), rewritten in (� ; � )-coordinates. This follows
from Lyapunov-Schmidt reduction and elementary singularity theory; seefor
example [15].
In an early survey, Tyson and Strogatz [31] hinted at topologically consistent
changesof the connectivity of oriented tip �lamen ts, asa theoretical possibility.
The point of the present paper is to identify speci�c singularities, in the sense
of singularity theory, which achieve such changesand which, in addition, are
genericwith respect to the initial conditions of general reaction di�usion sys-
tems. Genericity refersto topologically large sets. Thesesetscontain countable
intersections of open densesets, and are dense. We caution our PDE readers
here that we are not addressingissueslike loss of regularity (smoothness) or
development of singularities in a blow-up sense.Genericity is basedon pertur-
bations of only the initial conditions. We do not require any perturbations of
the underlying partial di�eren tial equations themselves.
We consider it a fundamental idea to study solutions u(t; x) of partial di�er-
ential equations, qualitativ ely, by investigating the singularities of their level
sets{ possibly for all, or at least for generic initial conditions. Such an idea is
already present in work by Schae�er, [27], and more recently by Damon, [7],
[8], [9] and the referencesthere. In view of example (2.12) for linear scalar
parabolic equations in one spacedimension below, the �rst relevant example
canevenbeattributed to Sturm [28], 1836. For present day relevanceof Sturm's
observations, oncemotivated by Sturm-Liouville theory, seealso [3], [12], [23].
The work by Schae�er addresseslevel setsof strictly convex scalar hyperbolic
conservation laws in one spacedimension. His analysis is basedon the vari-
ational formulation due to Lax: for almost every (t; x) the solution u(t; x)
appears as the pointwise minimizer of a given function, which involves the
initial conditions u0(x) explicitly . The backwards uniquenessproblem, a some-
what delicate technical point for our parabolic systems,is circumvented by the
explicit Lax formula in his context.
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Damon's work is motivated by Gaussian blurring and by applications of the
linear heat equation to image processing,but applies to a large classof di�er-
ential operators. Unfortunately , the partial di�eren tial equationsare viewed as
purely local constraints on the k-jet of \solutions". Neither initial nor boundary
conditions are imposedon these \solutions". Genericity is understood purely
in the spaceof smooth such \solutions". The important nonlocal PDE issueof
genericity in terms of initial conditions, as addressedin our present paper, has
not beenresolved by Damon's approach.
In contrast to these abstract results, strongly in the spirit of pure singularity
theory, our motivation is the global qualitativ e dynamics of reaction di�usion
systems. In particular, we do require our solutions u = u(t; x) to not only
satisfy the underlying partial di�eren tial equations near (t0; x0) but also the
respective initial and boundary conditions. For a technically detailed statement
seeour main result, theorem 2.1 below. As a consequence,the crossover of
�lamen ts just describedis the oneand only non-destructivecollision of �lamen ts
possible{ for a genericset of initial conditions. Seetheorem 2.2.
The remaining sections are organized as follows. Preparing for the proof of
theorem 2.1, we provide an abstract jet perturbation lemma in section3 which
is basedon backwards uniquenessresults for linear, non-autonomousparabolic
systems. In section 4, we prove theorem 2.1 using Thom's jet transversality
theorem. Moreover we present a generalization to the vector caseu 2 Rm ; m �
2; in corollary 4.2. Theorem 2.2 is proved in section 5. Section6 summarizesa
fast numerical method, dueto [11, 22], for time integration of a speci�c excitable
medium with steep fronts in three spacedimensions. In section 7 we adapt
this method to compute �lamen ts and their associated local isochrone phase
bands. We concludewith numerical examplesillustrating crossover collisions in
autonomous and periodically forced reaction di�usion systems, including the
unlinking of linked twisted scroll rings and the unknotting of a trefoil torus
knot �lamen t; seesection 8.
Ackno wledgment. Both authors aregrateful to the Institute of Mathematics
and its Applications (IMA), Minneapolis, Minnesota. The main part of this
work was completed there during a PostDoc stay of the secondauthor and
several visits of the �rst author asseniorvisiting scientist during the specialyear
"Emerging Applications of Dynamical Systems", 1997/98. We are indebted to
Jim Damon for helpful discussions,and to the refereefor additional references.
Wethank Martin Rumpf and Peter Serocka for help with visualization. Support
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2 Main Resul ts

For a technical setting we considersemilinear parabolic systems

ui
t = divx (di (t; x)r x ui ) + f i (t; x; u; r x u)(2.1)

throughout the present paper. Here u = (u1; : : : ; um ) 2 Rm ; x =
(x1; : : : ; xN ) 2 
 � RN . The data di ; f i are smooth with uniformly posi-
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tiv e de�nite di�usion matrices di . The bounded open domain 
 is assumedto
have smooth boundary. Inhomogeneousmixed linear boundary conditions

� i (x)ui (t; x) + � i (x)@� ui (t; x) =  (x)(2.2)

with smooth data and � i ; � i � 0; � 2
i + � 2

i � 1 are imposed. Periodic bound-
ary conditions are also admissible, as well as uniformly parabolic semilinear
equations on compact manifolds with smooth boundaries, if any.
The solutions

u = u(t; x; u0)(2.3)

of (2.1), (2.2) with initial condition

u(0; x; u0) := u0(x)(2.4)

de�ne a local semi-evolution system in the phasespaceX of pro�les u0(�) in
any of the Sobolev spacesW k 0;p (
) ; k0 > N=p, which satisfy the boundary
conditions (2.2); see[16] for a reference. By the smoothing property of the
parabolic system, solutions are in fact smooth in their maximal open intervals
of existencet 2 (0; t+ (u0)) and depend smoothly on u0 2 X , both when viewed
pointwise and when viewed as x-pro�les u(t; �; u0) 2 X .
To addressthe issueof singularities u(t0; x0) = 0, in the senseof singularity the-
ory, we consider the jet space J k

x of Taylor-polynomials in x = (x1; : : : ; xN ) 2
RN of degreeat most k, with real coe�cien ts and vector valuesu 2 Rm . De�n-
ing the k-jet j k

x u with respect to x at (t0; x0) as

(j k
x u)( t0; x0) := (u; @x u; : : : ; @k

x u)( t0; x0);(2.5)

Taylor expansionat x0 allows us to interpret j k
x u(t0; x0) as an element of our

linear jet spaceJ k
x satisfying

u(t0; x0) = 0:(2.6)

Here and below, we assumethat k0 > k + N=p so that the evaluation

u 7! j k
x u(t0; x0)(2.7)

becomesa bounded linear map from X to J k
x , by Sobolev embedding.

On the level of k-jets, a notion of equivalenceis induced by the action of local
Ck -di�eomorphisms x 7! �( x); u 7! 	( u) �xing the origins of x 2 RN ; u 2 Rm ,
respectively. Indeed, for any polynomial p(x) 2 J k

x with p(0) = 0, we may
consider the transformed polynomial

j k
x (	 � p � �) 2 J k

x :(2.8)

We call the jet (2.8) contact equivalent to j k
x p = p; seefor example [15].
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By a variety S � R` we here mean a �nite disjoint union

S =
j 0[

j =0

Sj(2.9)

of embedded submanifolds Sj � R` with strictly decreasingdimensionssuch
that Sj 1 [ : : : [ Sj 0 is closedfor any j 1. We call codimR` S0 the codimensionof
the variety S in R` .
Similarly, by a singularity (in the senseof singularity theory) we meana variety
S � J k

x in the senseof (2.9), which satis�es u = 0 and is invariant under any
of the contact equivalences(2.8). Let codimJ k

x
S denote the codimension of

S, viewed as a subvariety of J k
x . Shifting codimension by N = dim x for

conveniencewe call

codim S := (codimJ k
x

S) � N(2.10)

the codimension of the singularity S. For example, a typical map (t0; x0) 7!
j k

x u(t0; x0) with x0 2 RN ; u 2 Rm will miss singularities of codimension 2 or
higher. In contrast, the map can be expected to hit singularities S of codi-
mension 1 at isolated points t = t0, and for some x0 2 RN . Having shifted
codimension by N in (2.10) therefore conveniently allows us to observe that
typical pro�les of functions u(t; �) miss singularities of codimension 2 entirely ,
and encounter such singularities of codimension 1, anywhere in x 2 RN ; only
at discrete times t: We aim to show that this simple arithmetic also works for
PDE solutions u(t; x) under generic initial conditions.
Sincethe geometrically simple issueof codimension is overloadedwith { some-
times conicting { de�nitions in singularity theory, we add some examples
which illustrate our terminology. First consider the simplest case

S = f u = 0g � J k
x :(2.11)

where u(t; �) : RN ! Rm . Then codim S = m � N . For systemsof m = 2
equationsin N = 0 spacedimensions,that is, for ordinary di�eren tial equations
in the plane, typical tra jectories fail to passthrough the origin in �nite time:
codim S = 2. For N = 1, we can expect the solution curve pro�le u(t; �) to
passthrough the origin at certain discrete times t0 and positions x0, because
codim S = 1. For N = 2 we have codim S = 0. We therefore expect isolated
zeros to move continuously with time: seeour intuitiv e description of planar
spiral waves in section 1 and �gure 1. Since codim S = � 1 for N = 3, we
expect zerosof u(t0; �) to occur along one-dimensional�lamen ts, even for �xed
t0. This is the caseof scroll wave �lamen ts ' t 0 in excitable media.
Next we consider a scalar one-dimensionalequation, m = N = 1. Multiple
zerosare characterized by

S = f u = 0; ux = 0g;(2.12)
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Figure 5: Saddle-node singularities of codimension 1.

a set to which we ascribe codimension1. Indeed, we can typically expect a pair
of zerosto coalesceand disappear as in (t0; x0) of �gure 5. The opposite case,
a pair creation of zerosas in (t0

0; x0
0); does not occur for scalar nonlinearities

f satisfying f (t; x; 0; 0) = 0. This observation, going back essentially to Sturm
[28], conveysconsiderableglobal consequencesfor the associated semiows; see
for example [12] and the referencesthere.
Passingto planar 2-systems,m = N = 2, the samesaddle-node bifurcations of
�gure 5 could for examplecorrespond to annihilation and creation of a pair of
tips of counter-rotating spirals, respectively.
We conclude our seriesof motivating exampleswith the singularity (1.4) of
�lamen t collision in systemssatisfying N = m + 1:

S = f u = 0; co-rank ux � 1g:(2.13)

Note that codim S = 1. For the stratum S0 of S with lowest codimension we
can assumethat the quadratic form Puxx jE is indeed nondegenerate,in the
notation of (1.5). Under the additional transversality assumptionPut 6= 0, the
strictly inde�nite casewasdiscussedin section1. It leadsto crossover collisions,
which are our main applied motivation here. The strictly de�nite case,positive
or negative, leads to creation/annihilation of small circular �lamen ts. For a
numerical realization of the associated scroll ring annihilation we refer to the
simulation in �gure 8.
After our intermezzo on singularities we now addressgenericity. We say that
a property of solutions u(t; x; u0) of our semilinear parabolic system (2.1) {
(2.4) holds for generic initial conditions u0 2 X if it holds for a genericsubset
of initial conditions. Here subsetsare generic (or residual) if they contain a
countable intersection of open densesubsetsof X . Recall that genericsubsets
and countable intersections of generic subsets are dense in complete metric
spacesX , by Baire's theorem; see[10, ch. 12].
With thesepreparations we can now state our main result concerningsolutions
u(t; x) of our parabolic system(2.1) { (2.4) with genericinitial conditions u0 2
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Figure 6: Annihilation (left) and creation (righ t) of closed �lamen ts

X � W k 0;p ,! Ck . As before 0 � t < t+ (u0) denotesthe maximal interval of
existence. Finally, we recall that a map � : V ! J betweenBanach spacesis
transverseto a variety S = S0 [ : : : [ Sj 0 , in symbols:

� \> S;(2.14)

if � (v) 2 Sj implies

T� (v) Sj + range D � (v) = J ;(2.15)

seefor example [1, 19].

Theorem 2.1 For some�xed k � 1, consider a �nite collection of singularities
Si � J k

x , each of codimension at least 1. Then the following holds true for
solutions u(t; x) of (2.1) { (2.4) with generic initial conditions u0 2 X .
Singularities Si with

codim Si � 2(2.16)

are not encountered at any (t0; x0) 2 (0; t+ (u0)) � 
 . In other words,
j k

x u(t0; x0) 2 Si for some 0 < t0 < t+ (u0); x0 2 
 implies codim Si = 1.
The map

(0; t+ (u0)) � 
 ! J k
x

(t0; x0) 7! j k
x u(t0; x0)

(2.17)

is in fact transverseto each of the varieties Si . In particular, the points (tn
0 ; xn

0 )
where the solution u(t; x) encounters singularities Si of codimension 1 are iso-
lated in the domain [0; t+ (u0)) � 
 of existence. Althoughthere can be countably
many singular points (tn

0 ; xn
0 ) accumulating to the boundary t+ (u0) or @
 , the

valuestn
0 are pairwise distinct.
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Theorem 2.2 For some�xed k � 1, consider solutions u(t; x) of (2.1) { (2.4)
with N = 3; m = 2, that is with x 2 
 � R3 and u(t; x) 2 R2. Then for
generic initial conditions u0 2 X the following holds true.
Except for at most countably many times t = tn

0 2 (0; t+ (u0)) , the �laments

f x 2 
 j u(t; x) = 0g(2.18)

are curves embedded in 
 , possibly accumulating at the boundary. At each
exceptional value t = tn

0 , exactlyone of the following occurs at a unique location
xn

0 2 
 :

(i) a creation of a closed �lament, or

(ii) an annihilation of a closed �lament, or

(iii) a crossovercollision of �laments.

For cases(i),(ii) see �gur es 6, 8; for case (iii) see �gur es 4, 9{13, and
(1.4) { (1.6).

3 Jet Per turba tion

In this sectionweprovea perturbation result, lemma3.1, which is crucial to our
proof of theorem 2.1. We work in the technical setting of semilinear parabolic
systems(2.1) { (2.4) with associated evolution

u = u(t; x; u0)(3.1)

on the phasespaceX of W k 0;p (
)-pro�les u(t; �; ; u0) satisfying Robin boundary
conditions (2.2). Let k0 � N

p > k � 1, to ensure the Sobolev embedding
X ,! Ck (
). Let

D := f (t; x; u0) j x 2 
 ; u0 2 X ; 0 < t < t+ (u0)g(3.2)

denote the interior of the domain of de�nition.

Lemma 3.1 The map

j k
x u : D ! J k

x
(t; x; u0) 7! j k

x u(t; x; u0)
(3.3)

is a C � map, for any � . For any (t; x; u0) 2 D, the derivative

Du0 j k
x u(t; x; u0) : X ! J k

x(3.4)

is surjective.
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Pr oof:
The regularity claim follows from smoothnessof the data di ; f i ; � i ; � i and the
smoothing action of parabolic systems;seefor example [16, 26, 29, 14, 21].
To prove surjectivit y of the linearization (3.4) with respect to the initial con-
dition, we essentially follow [16]. First observe that for any �xed x0 2 
 the
linear evaluation map

j k
x : X ! J k

x
v 7! j k

x v(x0)
(3.5)

is bounded, becauseX ,! Ck (
), and trivially surjective. Moreover, the jet
spaceJ k

x is �nite-dimensional. It is therefore su�cien t to show that the lin-
earization

Du0 u(t; �; u0) : X ! X
v0 7! v(t�)

(3.6)

possessesdenserange, for all u0 2 X , 0 < t0 < t+ (u0). Here v(t; �) satis�es
the linearized parabolic system

vi
t = divx (di (t; x)r x vi ) + f i

p � r x v + f i
u � v(3.7)

with boundary conditions (2.2) for v and initial condition v(0; �) = v0. The
partial derivativesf i

p; f i
u of the nonlinearity f = f (t; x; u; p) are to be evaluated

along (t; x; u(t; x); r x u(t; x)).
To show the density of range D u0 u(t; �; u0) in X , we now proceed indirectly .
Suppose

closX Du0 u(t0; �; u0)X 6= X :(3.8)

Then X contains a nonzeroelement w(t0; �) in the L 2-orthogonal complement
of Du0 u(t; �; u0)X in X . Consider the associated solution w(t; �) 2 X of the
formal adjoint equation

wi
t = � divx (di (t; x)T r x wi ) +

X

j

divx (wj f j
pi

) � (f T
u w) i(3.9)

for 0 � t � t0, still with boundary conditions (2.2) but with \initial" condition
w(t0; �) at t = t0. We again usethe notation f j

pi
for the partial derivative of f j

with respect to r ui , here.
Direct calculation shows that scalar products h�; �i betweensolutions v(t; �) of
the linearization (3.7) and solutions w(t; �) of its formal adjoint (3.9) in L 2(
)
are time-independent. Therefore, by construction of w(t0; �)

hv(t; �); w(t; �)i L 2 (
) = hv(t0; �); w(t0; �)i = 0;(3.10)

for all 0 � t � t0. Evaluating at t = 0; v(0; �) = v0 2 X , we conclude

hv0; w(0; �)i L 2 (
) = 0(3.11)
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for all v0 2 X , and hence

w(0; �) = 0:(3.12)

In other words, the backwardsparabolic system(3.9) possessesa solution w(t; �)
which starts nonzeroat t = t0 > 0 but endsup zero at t = 0. This is a contra-
diction to the so-calledbackwards uniquenessproperty of parabolic equations.
Seefor example [14], [16] and the referencesthere. By contradiction, we have
therefore proved that

closX Du0 u(t0; �; u0)X = X ;(3.13)

contrary to our indirect assumption (3.8). This completesthe indirect proof of
the perturbation lemma. ./

4 Pr oof of Theorem 2.1

Our proof of theorem2.1 is basedon Thom's transversality theorem [30, 1]. For
conveniencewe �rst recall a modest adaptation of the transversality theorem,
�xing notation. We usethe concept of transversality of a map � to a variety S
as explained in (2.9), (2.14), (2.15). The proof is basedon Sard's theorem and
is not reproduced here.

Theorem 4.1 [Thom transversality]
Let X be a Banach space, D � R` � X open and

� : D ! R` 0

(y; u0) 7! � (y; u0)
(4.1)

a C � -map. Let S � R` 0
be a variety and assume

� \> S;(4.2)

� > maxf 0; ` � codimR` 0 Sg:(4.3)

Then the set

X S := f u0 2 X j � (�; u0) S; where de�nedg(4.4)

is generic in X (that is: contains a countable intersection of open densesets).

The point of the theorem is, of course, that in X S transversality to S is
achieved, for �xed u0, by varying only y in � (y; u0). For example,u0 2 X S and
codimR` 0 S > ` imply

� (y; u0) 62S(4.5)
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whenever y is such that (y; u0) 2 D. This follows immediately from condition
(2.15) on transversality. In other words, for generic u0 the image of � (�; u0)
missesvarieties of su�cien tly high codimension.
We now use theorem 4.1 to prove our main result, theorem 2.1. We consider
the jet evaluation map

� (t; x; u0) := j k
x u(t; x; u0)(4.6)

of the evolution u(t; �; u0) associated to our parabolic system;see(2.1) { (2.5).
We chooseD to be the (open) domain of de�nition

D = f (t; x; u0) j 0 < t < t+ (u0); x 2 
 ; u0 2 X g(4.7)

of the evolution; clearly y = (t; x) 2 RN +1 so that ` = N + 1. For the variety
S we choose, successively, any of the �nitely many singularities Si � J k

x of
theorem (2.1). Their codimensionsas subvarieties of J k

x
�= R` 0

are

codimJ k
x

Si = N + codim Si ;(4.8)

see(2.10). Note that assumptions(4.2) and (4.3) both hold, independently of
the choice of k for the varieties Si � J k

x , by lemma 3.1. Claim (2.17) about
transversality of (t0; x0) 7! u(t0; x0; u0) to any singularity Si is now just the
statement of theorem 4.1.
Next, we prove that singularities Si with codim Si � 2 are missedaltogether,
for generic initial conditions u0 2 X , as was claimed in (2.16). We evaluate
(4.8) to yield

codimJ k
x

Si = N + codim Si � N + 2 > N + 1 = `(4.9)

In view of example (4.5), this provesour claim (2.16): generically, only singu-
larities Si with codim Si = 1 are encountered.
Now weprovethat the positions(tn

0 ; xn
0 ), wheresingularities Si with codim Si =

1 are encountered, are generically isolated in [0; t+ (u0)) � 
. Indeed assum-
ing j k

x u0 62Si , we have tn
0 > 0 without loss of generality. Since the lower-

dimensionalstrata Si
j ; j � 1 of the singularity Si are of (singularit y) codimen-

sion � 2, they are missedby solutions entirely , for genericinitial conditions u0.
Therefore

j k
x u(tn

0 ; xn
0 ; u0) 2 Si

0(4.10)

only hit the maximal strata, staying away from the closed union of lower-
dimensional strata, uniformly in compact subsetsof [0; t+ (u0)) � 
. Because
the Si

0 are �nitely many embeddedsubmanifoldsof codimensionN + 1 in J k
x and

becausethe crossings(4.10) are transverse,the corresponding crossingpoints
(tn

0 ; xn
0 ) are also isolated in [0; t+ (u0)) � 
, as claimed.

It remains to show that the values tn
0 are mutually distinct for generic initial

conditions u0 2 X . To this end we consider the augmented map

~� : ~D ! J k
x � J k

x
(t; x1; x2; u0) ! (j k

x u(t; x1; u0); j k
x u(t; x2; u0))

(4.11)
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on the open domain

~D := f (t; x1; x2; u0) j 0 < t < t+ (u); x1; x2 2 
 ; x1 6= x2; u0 2 X g:
(4.12)

To apply Thom's transversality theorem4.1, weonly needto check the transver-
sality assumption (4.2). In fact we show

~� \> f 0g 2 J k
x � J k

x :(4.13)

This follows, analogously to lemma 3.1, from x1 6= x2 and the fact that the
linearization Du0 u(t0; �; u0) possessesdenserange in X ; see(3.6) { (3.13).
We can therefore apply theorem 4.1 to ~� with respect to the varieties

~S := Si 1 � Si 2 :(4.14)

In J k
x � J k

x , thesevarieties have codimension

codimJ k
x � J k

x
~S = 2N + codim Si 1 + codim Si 2 = 2N + 2(4.15)

Sincethis number exceeds

dim(t; x1; x2) = 2N + 1;(4.16)

the variety ~S is missedby ~� (�; �; �; u0), for generic u0 2 X . Seeexample (4.5)
again. Therefore the times tn

0 where singularities Si can occur are pairwise
distinct for generic initial conditions, completing the proof of theorem 2.1. ./

Reviewingthe proof of theorem2.1, which hingescrucially on the transversality
statement (3.4) of our jet perturbation lemma 3.1, we state an easygeneraliza-
tion which is important from an applied viewpoint. Supposethat only m0 � m
pro�les (or m0 linear combinations) out of the m pro�les u = (u1; :::; um )( t; x)
are observable:

bu := bPu;(4.17)

for some linear rank m0 projection of Rm . Then bu(t; x; u0) may encounter
certain singularities bSi in the space bJ k

x of k-jets with values in range bP.

Cor ollar y 4.2 Under the assumptionsof theorem 2.1 and in the above set-
ting, theorem 2.1 remainsvalid, verbatim, for singularities bSi � bJ k

x of the k-jets
j k

x bu(t; x) of the observablesbu := bPu. We emphasizethat codimensions of bSi

are then to be computed in bJ k
x .

Pr oof:
Acting on the dependent variables (u1; : : : ; um ), only, the projection bP lifts to
a projection bPk from J k

x onto bJ k
x such that

j k
x

bPu(t; x; u0) = bPk j k
x u(t; x; u0)(4.18)
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Therefore the surjectivit y property (3.4) of lemma 3.1 remains valid for

Du0 j k
x bu(t; x; u0) : X ! bJk :(4.19)

Repeating the proof of theorem 4.1, now on the level of bu; bJ k
x ; bSi , proves the

corollary. ./

5 Pr oof of Theorem 2.2

To prove theorem 2.2 we invoke theorem 2.1 for x 2 
 � R3; u(t; x) 2 R2, and
appropriate singularities Si � J k

x of singularity codimension 1, in the senseof
(2.10).
We �rst consider the casethat 0 is a regular value of u(t; �) on 
, that is

rank ux (t0; x0) = 2(5.1)

is maximal, whenever u(t0; x0) = 0; 0 < t0 < t+ (u0); x0 2 
. Then the
�lamen t

f x 2 
 j u(t0; x) = 0g(5.2)

is an embeddedcurve in 
, as claimed in (2.18).
Next consider the case

rank ux (t0; x0) � 1:(5.3)

Let S � J k=2
x be the set of those 2-jets (u; ux ; uxx ) 2 J k=2

x satisfying u = 0
and rank ux = 1. Clearly S is a singularity in the senseof (2.9), (2.10) and

codim S = 1(5.4)

as was discussedin example (2.13). We recall that the maximal stratum S0 of
S, determining the codimension, is given by the conditions

rank ux = 1;
Puxx jE nondegenerate:

(5.5)

Here E := ker ux denotesthe kernel and P denotesa projection in R2 onto a
complement of the range of the Jacobian ux .
In view of example(2.13) and section1, nondegeneracyof Puxx jE givesrise to
the three cases(i) - (iii) of corollary 2.2, via theorem 2.1, if only we show that

Put (t0; x0) 6= 0(5.6)

whenever j 2
x u(t0; x0) 2 S.

By theorem 2.1, we have

j 2
x u(�; �) \> S(5.7)
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in J 2
x , at (t0; x0). Evaluating only transversality in the �rst component u = 0

of j 2
x u = (u; ux ; uxx ) 2 J 2

x , we seethat

rank (ut ; ux ) = 2(5.8)

at (t0; x0). SincePux = 0 by de�nition of P, this implies

Put (t0; x0) 6= 0(5.9)

and the proof of corollary 2.2 is complete. ./

6 Numerical Model and Methods

For our numerical simulations, we use two-variable N = 2 reaction-di�usion
equations

@t ~u1 = 4 ~u1 + f (~u1; ~u2)
@t ~u2 = D4 ~u2 + g(~u1; ~u2)

(6.1)

on a square or cube 
 with Neumann boundary conditions. The functions
f (~u1; ~u2) and g(~u1; ~u2) expressthe local reaction kinetics of the two variables
~u1 and ~u2. The di�usion coe�cien t for the ~u1 variable hasbeenscaledto unit y,
and D is the ratio of di�usion coe�cien ts. For the reaction kinetics we use

f (~u1; ~u2) = � � 1~u1(1 � ~u1)( ~u1 � uth (~u2))
g(~u1; ~u2) = ~u1 � ~u2;

(6.2)

with uth (~u2) = (~u2 + b)=a. This choice di�ers from traditional FitzHugh-
Nagumo equations, but facilitates fast computer simulations [11]. In non-
autonomous simulations, we periodically force the excitabilit y threshold b =
b(t) = b0 + A cos(! t). We keepmost model parameters �xed at a = 0:8; b0 =
0:01; � = 0:02, and D = 0:5.
Without forcing, the medium is strongly excitable, see�gure 1. See�gure 2
for the dynamics of a wave train. In two space dimensions, the equations
generate rigidly rotating spirals with small cores. These spirals are far from
the meander instabilit y, and appropriate initial conditions quickly convergeto
rotating waves. We map the coordinates (~u1; ~u2) into the (u1; u2)-coordinates
of theorem 2.1 by setting u1 = ~u1 � 0:5 and u2 = ~u2 � (a=2 � b0). We have
remarked in the intro duction, already, that our results are not e�ected by such
a shift of level sets.
In the autonomouscaseswe choosea forcing amplitude A = 0, of course. For
collision of spirals in two dimensions, we choose A = 0:01; ! = 3:21. For
collision of scroll wave �lamen ts in three dimensions,we chooseA = 0:01; ! =
3:92.
The challenging aspect of computing wave fronts in excitable media is the res-
olution of both spatial and temporal details of the wave fronts while the inter-
esting global phenomenaoccur on a much slower time scale. Sinceboth spatial
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and temporal resolutions have to be high, the main computational speedup is
achieved by minimizing the number of operations necessaryper time step and
spacepoint.
Simulations with cellular automata encounter problems due to grid isotropies
[17, 32, 33]. The existenceof persistent spatial wave fronts impedesalgorithms
with variable time steps. Due to linearit y of the spatial operator, methods with
�xed, small time steps are feasible. Moreover, ~u1 and ~u2 can be updated in
place away from the wave front.
We use a third-order semi-implicit stepping routine to time step f , combined
with explicit Euler time stepping for g and the Laplacian term. In the eval-
uation of f and in the di�usion of ~u1, we take into account that ~u1 � 0 in a
large part of the domain, and that f (0; ~u2) = 0. This allows a cheap update
of approximately half of the grid elements and, even with a straightforward
�nite-di�erence method, enablessimulation on a workstation. The extra e�ort
of an adaptive grid with frequent re-meshinghas beenavoided.
In three spacedimensionsN = 3, we usea 19-point stencil with good numerical
properties (isotropic error, mild time-step constraint) for approximating the
Laplacian operator. In two dimensionsN = 2, we use the analogous9-point
stencil. Neumann boundary conditions are imposedon all boundaries.
For speci�c simulation runs in this paper, we take1253 grid points. The domain

 is chosen su�cien tly large, in terms of di�usion length, to exhibit scroll
wave collision phenomena.The time step 4 t is chosencloseto maximal: let h
denotegrid size,� = 3=8 the stabilit y limit of the Laplacian stencil, and choose
4 t := 0:784� h2. This results in the following numerical parameters: domain

 = � [15; 15]3, grid spacing h = 30=124 � 1=4, time step 4 t = 0:0172086,
giving 4 t=� = 0:86043. For high-accuracy studies of the collision of scroll
waves,we usea higher resolution of 
 = [� 10; 10]3, h = 20=124 � 1=6, 4 t =
0:00764828,giving 4 t=� = 0:3882414.Note that 4 t=� < 1 in both cases,which
meansthat the temporal dynamics are well resolved. Further numerical details
for the three-dimensionalsimulations are given in [11].

7 Filament Visualiza tion

After discretization in the cube domain 
, and time integration, the solution
data u(t; x) 2 R2 are given as valuesu(t i ; x i ) at time steps t i and at positions
x i on a Cartesian lattice. In our two-dimensionalexamples,�gure 1 and exam-
ple 8.2, we show the vector �eld (~u1; ~u2) = (u1 + 0:5; u2 + (a=2 � b0), choosing
for each point a color vector in RGB spaceof (u1; 0:73 � (u2)2; 1:56 � u2). We
also mark the (past) trace of the tip path in white, to keeptrack of the move-
ments of the spiral tip. In �gure 3 and example 8.3, we depict the wave front
in x 2 
 as the surfaceu1 = 0.
To determine the �lamen t location, alias the level set

' t := f x 2 
 j u1(t; x) = u2(t; x) = 0g;(7.1)

we usea simplicial algorithm in the spirit of [2, ch. 12].
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As in section 6, let Q � 
 be any of the small discretization cubes. We trian-
gulate its facesby bisecting diagonals, denoting the resulting closedtriangles
by � . The cornersof � are verticesof Q. We orient � according to the induced
orientation of @Q by its outward normal � and the right hand rule applied to
(� ; � ).
By linear interpolation, u(t; � ) � R2 is also an oriented triangle. The �lamen t
' t passesthrough � , on the discretizedlevel, if and only if 0 2 u(t; � ). Inverting
the linear approximation u on � de�nes an approximation ' t

� 2 � to ' t \ � .
We orient ' t to leave Q through � , if the orientation of the triangle u(t; � )
is positive ("do or out"). In the opposite caseof negative orientation we say
that ' t enters Q through � ("do or in"). By elementary degree theory, the
numbersof in-doors and of out-doors coincidefor any small discretization cube
Q. Matching in-doors ' t

� and out-doors ' t
� 0 in pairs de�nes a piecewiselinear,

oriented approximation to the �lamen t ' t . For orientations before and after
crossover-collision see�gure 4.
Note that here and below, we freely discard certain degenerate,non-generic
situations from our discussionwhich complicate the presentation and tend to
confusethe simple issue. In fact, dueto homotopy invarianceof Brouwer degree,
this piecewiselinear (PL) method is robust with respect to perturbations of
degeneracieslike �lamen ts touching a faceof the cubeQ or repeatedly threading
through the sametriangle � .
To indicate the phasenear the �lamen t ' t , we compute a tangential approxi-
mation to the accompanying somewhatarbitrary isochrone

� t := f x 2 
 j u1(t; x) � 0 = u2(t; x)g(7.2)

as follows. The values (u1; u2)( t; x) = (�; 0) with � > 0 de�ne a local half
line in the face triangle x 2 � through the �lamen t point ' t

� 2 � . Together
with a �lamen t point ' t

� � 1 in another cube face, this half line also de�nes a
half spacewhich approximates the isochrone � t , locally . We choosea point
~' t

� in this half space, a �xed distance from ' t
� and such that the line from

' t
� to ~' t

� is orthogonal to the �lamen t line from ' t
� � 1 to ' t

� . The sequence
of triangles (' t

� � 1; ~' t
� � 1; ~' t

� ); (' t
� � 1; ~' t

� ; ' t
� ) then de�ne a triangulated isochrone

band approximating � t near the �lamen t ' t .
In practical computations shown in the next section,we distinguish an absolute
front and back of the isochrone band by color, independently of cameraangle
and position. This di�erence reects the absolute orientation of �lamen ts, in-
tro ducedabove, which inducesan absoluteorientation and an absolutenormal
for the accompanying isochrone � t . The absolute normal of the isochrone � t

also points into the propagation direction of the isochrone, by our choice of
orientation.

8 Examples

In this section we present four simulations of three-dimensional �lamen t dy-
namics, both in autonomousand in periodically forced cases.All examplesare
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basedon equations (6.1) with the set of nonlinearities and parameters speci-
�ed there. We use a cube 
 = [� 15; 15]3 as a spatial domain, together with
Neumann boundary conditions. Only in example 8.4, we use a smaller cube

 = [� 10; 10]3: Reecting the solutions through the boundaries we obtain an
extension to the larger cube 2
 with periodic boundary conditions. Viewing
this system on the at 3-torus T 3, equivalently , eliminates all boundary con-
ditions and avoids the issue of @
 not being smooth. In the paper version,
each of the spatio-temporal singularities at (t0; x0) is illustrated by a seriesof
still shots: t ' 0; t / t0; t = t0; t ' t0 and t = tend for the respective run. In
the Internet version, each sequenceis replacedby a downloadableanimation in
MPEG-1 format; see

http://www.math.f u- ber li n. de/ ~Dynamik/
For possiblelater, updated and revised versions,pleasecontact the authors.
Discretization wasperformed by 1253 cubesand a time step of 4 t = 0:0172086
(4 t = 0:00764828in example 8.4); seesection 6. Autonomous casesrefer to
the forcing amplitude A = 0, whereasA = 0:01 switches on non-autonomous
additiv e forcing.

8.1 Initial Conditions

Prescribing approximate initial conditions for colliding scroll waves in three
spacedimensions is a somewhat delicate issue. We describe the construction
in 8.1.1, 8.1.2 below. We discussour four examplesin sections8.3-8.6.

8.1.1 Tw o-dimensional spirals

According to our numerical simulations, planar spiral waves are very robust
objects. In fact, su�cien tly separatednondegeneratezeroesof the planar \v ec-
tor �eld" (u1

0; u2
0)(x1; x2) of initial conditions typically seemedto convergeinto

collections of single-armed spiral waves. Their tips were located nearby the
prescribed zeroesof u0.
To preparefor our construction of scroll wavesbelow, we neverthelessconstruct
u0 as a composition of two maps,

u0 = � � (8.1)

 : R2 � 
 ! C(8.2)

(x1; x2) 7! z

� : C ! R2(8.3)

z 7! (u1
0; u2

0)

Here  prescribesthe geometric location of the spiral tip and wave fronts. The
scaling map � is chosenpiecewiselinear. It adjusts for the appropriate range
of u-valuesto trace out a wave front cycle in our excitable medium, see�g. 2.
Speci�cally , we choose

� (z) = (u1; u2) = (Re z; Im z=4)(8.4)
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near the origin. Further away, we cut o� by constants as follows:

u1 :=

8
><

>:

� 0:5; when Re(z) < � 0:5

Re(z); when Re(z) 2 [� 0:5; 0:5]
0:5; when Re(z) > 0:5

u2 :=

8
><

>:

� 0:4; when Im(z) < � 1:6

0:25Im(z); when Im(z) 2 [� 1:6; 1:6]

0:4; when Im(z) > 1:6

(8.5)

In the following, we will sometimesfurther decompose� = � 2 � � 1 where

� 1(z) = (Re(z); Im(z)=4)(8.6)

is linear and the clamping � 2 : R2 ! R2 is the cut-o�

(u1; u2) 7! (sign(u1) minfj u1j; 0:5g; sign(u2) minfj u2j; 0:4g):(8.7)

For example, this choice of � , combined with the simplest geometry map
 (x1; x2) = x1 + ix2, results in a spiral wave rotating clockwise around
the origin, with wave front at x1 = 0; x2 < 0, initially , and wave back at
x1 = 0; x2 > 0.
A possible initial condition for a spiral | antispiral pair as in example 8.2
below would be

 : [� 15; 15]2 ! C
(x1; x2) 7! jx1j � 6 + ix2:

This reection symmetric initial condition creates a pair of spirals rotating
around (� 6; 0). The spiral at (6; 0) rotates clockwise and the symmetric spiral
around (� 6; 0) rotates anti-clo ckwise.

8.1.2 Three-dimensional scr olls

It is usefulto visualizea three-dimensionalscroll waveasa stack foliated by two-
dimensionalsliceswhich contain planar spirals. Initial conditions u0 = � �  for
scroll wavesthen contain the following ingredients: a mapping  : R3 ! C that
stacks the spirals into the desired three-dimensional geometry, and a scaling
� : C ! R2. For planar  : R2 ! C as in (8.2), the scaling � of (8.3){
(8.7) generatesa spiral whosetip is at the origin in R2. For  : R3 ! C, the
preimagein R3 of the origin under the stacking map  will therefore comprise
the �lamen t of the three-dimensionalscroll wave. For example,it is easyto �nd
a stacking map  that gives rise to a single straight scroll wave with vertical
�lamen t:  (x1; x2; x3) := x1 + ix2. As soon as �lamen ts are required to form
rings, linked rings or knots, however, the design of stacking maps  with the
appropriate zero set becomesmore di�cult.
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For the generation of more complicated stacking maps  , we largely follow the
method pioneeredby Winfree et al [37, 18, 39]. This approach usesa standard
method of embedding an algebraic knot in 3-space[6]. For convenienceof our
readers,we briey recall the construction here.
We construct stacking maps  : R3 ! C with prescribed, possibly linked or
knotted zero set as a composition

 = p � s:(8.8)

Here the embedding s: R3 ! C2 will be related to the map

~s: R3 ! S3
" � R4 = C2(8.9)

denoting the inverseof the standard stereographicprojection from the standard
3- sphereS3

" of radius " to R3; see(8.11) below. The map

p: C2 ! C(8.10)

is a complex polynomial p = p(z1; z2) in two complex variables z1, z2. The
zero set of p describes a real, two-dimensional variety V in C2. Consider the
intersection ~' of V with the small 3-sphereS3

" , that is ~' := V \ S3
" . Typically,

' := s� 1( ~' ) � R3, the zero set of  , will be a one-dimensionalcurve or a
collection of curves: the desired �lamen t of our scroll wave.
In the simplest case ' may be a circle embedded into the 3-sphere S3

" . If
however zero is a critical point of the polynomial p, then the �lamen t ' need
not be a topological circle. And even if ~' happensto be a topological circle, it
may be embeddedas a knot in S3

" .
The inversestereographicmap ~s is given explicitly by

~s(x1; x2; x3) =
1

R2 + "2

0

B
B
@

2"2x1

2"2x2

2"2x3

(R2 � "2)"

1

C
C
A

�=
2"2

R2 + "2

 
x1 + ix2

x3 + i (R 2 � " 2 )
(2 " )

!

(8.11)

where R2 � x2
1 + x2

2 + x2
3. Note that points inside S2

" � R3 are mapped to the
lower hemisphere,points outside S2

" to the upper hemisphereof S3
" .

In our construction (8.8) of the stacking map  , we now replace the inverse
stereographicmap ~s by the embedding

s(x1; x2; x3) �= c

0

B
B
@

x1

x2

x3

(cR2 � 1
4c )

1

C
C
A

�=

�
cx1 + icx2

cx3 + i(c2R2 � 1
4 )

�
(8.12)

with a suitable scaling factor c: Clearly x ! 1 in R3 implies s(x) ! 1 in
C2. In the examples 8.5, 8.6 of a pair of linked rings and of a torus knot
below, the �lamen ts ' =  � 1(0) \ 
, ~' = s(' ) = p� 1(0) \ s(
) do not inter-
sect the compact boundaries of the cube @
, s(@
), respectively. Therefore,
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the embedded paraboloid s(R3) can in fact be modi�ed outside s(
) without
changing the �lamen ts in 
. We modify s such that closs(R3) closesup to a
di�eomorphically embedded3-shereS di�eotopic to S3 in C2 nf 0g; by a family
s# of embeddings0 � # � 1. Moreover, we will choosep = p(z1; z2) such that
z1 = z2 = 0 is the only critical point of p in C2. If the embedding s# (R3)
remains transverseto p� 1(0) in C2 n f 0g throughout the di�eotop y, then the
variety p� 1(0) is an embeddedreal surfacein C2, outside z = 0. The �lamen t
~' = s(' ) = p� 1(0) \ s(
) is di�eotopic to somecomponents of p� 1(0) \ S3

" ,
which in turn are described classically in algebraic geometry.
The sameremarks apply, slightly more generally, if we replaces by a compo-
sition

s � `(8.13)

where ` denotesa nondegeneratea�ne transformation in R3.
In summary, we generateour initial conditions by applying the following com-
position of mappings:

u0 = � �  = (� 2 � � 1) � (p � s):(8.14)

Here the scaling � is given by (8.5){(8.7 ). The modi�ed stereographicprojec-
tion s is given by (8.12) with ` = id; except in example 8.5, and with appro-
priate scaling constant c. The polynomial p is chosenaccording to the desired
topology of the �lamen t.
The initial conditions thus createddo not necessarilyrespect the boundary con-
ditions; however any intersection of a �lamen t with the boundary is transverse.
Anyways, such intersections only occur in example 8.4. Neumann boundary
conditions can be enforced arti�cially , by standard implementation, without
intro ducing additional �lamen ts.

8.2 Tw o-dimensional spiral pair annihila tion

As a preparation to visualizing the three-dimensionalbehavior, we begin with
the collision of a pair of counter-rotating planar spirals. We use a domain

 = [� 15; 15]2 and discretize with 1252 grid points, resulting in the same
spatial and temporal resolution as with our three-dimensionalexperiments. In
the movie and pictures, we show the subdomain [� 15; 15] � [� 11:25; 11:25] to
get the 3:4 sizeratio typical for video.
For initial conditions, we take the fully developed rigidly rotating spiral of
�gure 1 with origin at (� 6; 0), for the half-plane x1 � 0, and reect at the ver-
tical x2-axis. Near-resonant periodic forcing with an amplitude A = 0:01 and
! = 3:21 causesthe spirals to drift towards each other until they collide. The
forcing makes the spiral tips drift on an almost straight, epicyclic tra jectory,
until they reach interaction distance at time t = 19:2. The paths of the tips
show that the forcing is strong enough to move the spirals by approximately
twice their tip radius per rotation (which is small in comparisonto their wave

Document a Ma thema tica 5 (2000) 695{731



718 Bernold Fiedler and Rolf M. Mantel

t = 0 t = 19:60

t = 31:77 t = 35:08

t = 37:67 t = 38:46

Figure 7: Interaction and collision of a pair of spiral waves in the plane.
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length). During the interaction time of the spiral tips, the u2 gradients are
much shallower than at other times. This can be seenby the fact that the
bright red part of the wave front is further away from the tip location.
The spirals then wander along the vertical axis, the excited center getting
smaller with every revolution. Finally the center is too small to sustain exci-
tation (t0 = 39:825) and disappears; the spirals annihilate. The purely local
interaction betweenthe spiral tips shortly before collision from time t � = 19:2
up to the extinction at t0 = 39:825; x0 = (0; 1:4) is clearly visible from the tip
paths.
In view of theorem 2.1, this annihilation illustrates the left saddle-node singu-
larit y of �g. 5 for dim u = dim x = 2.

8.3 Scr oll ring annihila tion

Our �rst three-dimensional example shows the disappearanceof a closedcir-
cular �lamen t as described, from an abstract singularity theory point of view,
in theorem 2.2,(ii), and as illustrated in �gure 6. The example is autonomous,
A = 0. Viewed in a vertical planar slice through the center, the dynamics is
reminiscent of the two-dimensionalspiral pair annihilation 8.2. Instead of pe-
riodic forcing, this time, the curvature of the three-dimensional�lamen t seems
to be responsible for the �lamen t contraction and annihilation [24].
The simplest initial conditions to create a scroll ring would be via the poly-
nomial p(z1; z2) = z2, resulting in the vertical axis ~s(Rez2) = x3 = 0 being a
symmetry axis both for u0 and for 
 � R3. In order for the initial conditions
to be lesssymmetric with respect to the boundariesof the domain 
, we apply
the translation `x = x � x � with x � = (� 1:5; 3; 0), and we choosea polynomial
p that alsodependson z1. Our initial conditions are prescribed by (8.14), using

p = z2 + 0:1 iz1;
c = 8=21:

(8.15)

Under discretization, scroll ring annihilation occurs at

t0 = 9:10; x0 = (� 1:5; 3:5; � 0:5):(8.16)

For illustration/animation see�gs. 8.

8.4 Cr ossover collision of scr oll waves

We now return to the motivating phenomenonof this paper, outlined in the
intro duction; see(1.6) and �gure 4.
For �ner spatial resolution, we choosea smaller domain, 
 = [� 10; 10]3, with
discretization into 1253 cubes. Due to the �ner spacediscretization of 20=124
instead of 30=124, we choose a smaller time step of 4 t = 0:00764828. The
example is non-autonomous,with forcing amplitude A = 0:01 and frequency
! = 3:92. Circumventing the polynomial construction  = p � s, we take

 (~x=c) = ((x3 + � =6) + i sin(x1))( sin (x2) � i (x3 � � =6));(8.17)
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t = 4:16 t = 4:58

t = 15:32 t = 15:67

t = 15:74 t = 16:38

Figure 8: Scroll ring annihilation. By t = 4:2, a spiral-lik e cross-section has
formed. The scroll ring emits ball shaped target wavestwice per revolution, starting at
approximately t = 4:58. After scroll ring annihilation at t 0 = 23:45, the surfaceu1 = 0
largely follows a concentric target wave pattern rather than a scroll ring pattern. The
remaining target waves move outwards, and the medium becomesquiescent.
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t = 6:13 t = 17:875

t = 31:60 t = 35:654

t = 36:446 t = 39:918

Figure 9: Collision of scroll waves: Two scroll wave �lamen ts drift towards each
other. After t = 17, they start interacting visibly . Around t = 34, the �lamen ts
have found a common tangent plane and start lining up for collision. The crossover
collision occurs at t0 = 35:83; x0 = (� 3:25; 3:25; 0). After collision, the �lamen ts
connect adjacent facesof the cube rather than opposite faces.
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which has zeros in [� � =2; � =2]3 at (0; x2; � � =6) and at (x1; 0; � =6). Taking
u0 = � �  , we then start with explicit initial conditions

u1
0(x) = sin(ax1)(ax3 � � =6) + sin(ax2)(ax3 + � =6);

u2
0(x) = 0:25� (sin(ax1) sin(ax2) � (ax3 + � =6)(ax3 � � =6)):

(8.18)

The spatial scaling factor a is chosenas � =20.
This example was selected because (8.17) has zeroes in [� � =2; � =2]3 at
(0; x2; � � =6) and at (x1; 0; � =6). Then (u1

0; u2
0) has zeroes at (0; ~x2; � 10=3)

and at (~x1; 0; 10=3). Therefore, at t = 0, �lamen ts are at right anglesto each
other. Near resonant forcing with amplitude A = 0:01 and frequency ! = 3:92
is chosen, together with an appropriate initial phase,such that the �lamen ts
drift towards each other and eventually interact.
Under discretization, crossover collision occurs at

t0 = 35:83; x0 = (� 3:25; 3:25; 0):(8.19)

For illustration/animation see�gures 9 and 10.
Naively, there would be at least two options for non-destructive collision of the
two scroll wave �lamen ts. In �gures 4, 9 and 10, the two primary �lamen ts are
seento touch, forming a crossingwith four emanating semi-branches. Keeping
their orientation, the semi-branches could either simply re-connect, as before
the collision. Alternativ ely, they could separateand connect with that semi-
branch of matching orientation which they were not attached to previously.
The �rst scenarioof a crossingcollision may be more intuitiv e at �rst: the two
incoming semi-branches simply reconnect to their previous outgoing partners
without exchangingtheir pairing. Such a crossingclearly would not changethe
global connectivity of the �lamen ts. Viewed in projection onto the tangent
plane E at collision time t0, however, the �lamen t brancheswould then have to
remain crossingimmediately beforeand after collision time t0, in contradiction
to both theorem 2.2 and numerical observation in �gures 9 and 10.
Note that the �lamen ts, albeit initially straight lines, have to bend out of their
way considerably in order to accommodate a genericcrossover collision in the
tangent plane E. Indeed, initial conditions, periodic forcing, and boundary
conditions are all chosen invariant under a rotation by 180o around the axis
A which diagonally connectsthe mid-edgepoints (� 10; 10; 0) and (10; � 10; 0)
of the domain 
. This rotation invariance is preserved by the solution u(t; :).
Becauserotation initially maps one �lamen t into the other, the collision point
x0 must occur on the axis A { and it does, see(8.19). Similarly, the tangent
plane E must be orthogonal to A , forming anglesof 45o with the straight line
initial conditions. We found it fascinating to watch the numerical �lamen ts
obey all thesepredictions.
We caution the reader here that theorems 2.1 and 2.2, as they stand, do not
directly apply within restricted classesof symmetric initial conditions. In full
generality, the necessarymodi�cations require a restriction to, and analysisof,
invariant singularities and their codimensionsin spacesof symmetry invariant
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t = 35:764 t = 35:918

tangent plane

side view

top view

Figure 10: Details of the crossover collision: breaking and reconnecting scroll
wave �lamen ts, consistently with theorem 2.2. The two incoming semi-branches ex-
change their pairing with the two outgoing semi-branches at t = t 0 ; x = x0 . Each
incoming semi-branch crossesover to its opposite outgoing semi-branch. The pro-
jected branches, when viewed locally in the tangent plane E = kerux to the collision
con�guration at t = t0 ; x = x0 , neither crossbefore nor after collision.
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k-jets, again based on transversality, lemma 3.1. The present example and
its codimension, however, comply with our simple rotation symmetry. In the
coordinates (1.6) of crossover collision this can be seenfrom invariance under
the 180o rotation (x1; x2) 7! (� x1; � x2) around the x3 axis.

8.5 Collision of linked twisted scr oll rings

In the previous non-autonomousexamplewe have seenhow crossover collisions
changethe local connectivity of tip �lamen ts. We now present an autonomous
example,with forcing amplitude A = 0, where two linked �lamen ts mergeinto
a single �lamen t. After collision the resulting �lamen t is neither knotted nor
self-linked but is isotopic to a circle.
We start with initial conditions u0 prescribed by (8.14), with the polynomial
p = z2

1 � z2
2 and stereographicscaling factor c = 8=21 in (8.12).

p = z2
1 � z2

2 ;
c = 8=21:

(8.20)

Under discretization, crossover collision occurs at

t0 = 4:90; x0 = (0; 0; � 2:14)(8.21)

For illustration/animation see�g. 11.
We comment on the changesof the global topological characteristics of twist
and linking which occur at the crossover collision in this example. See�gure 12
for a caricature of the essential features.
To determine the twist of a non self-intersecting closedoriented �lamen t ' t ,
we �rst orient the tip �lamen t ' t as described in section 7. Then we count
the integer winding number of the accompanying isochrone band � t around ' t ,
accordingto the right hand rule. The integer twist can be positive, negative, or
zero. Next supposethe �lamen t ' t spansan embeddeddisk, as all �lamen ts in
�gures 11, 12do. The orientation of ' t inducesan orientation of the disk which,
again by the right hand rule, we can represent by a �eld of vectors � normal
to the disk. To any other oriented �lamen t crossingthe disk transversely, we
associate a crossing sign +1, if the crossing is in the direction of � , and � 1
otherwise. Following [40], the sum of crossingsignson the disk adds up to the
twist of the boundary �lamen t ' t .
Applied to the schematic representation of �gure 11 in �gure 12, we conclude
that the two �lamen ts ' t

` ; ' t
r for t < t0 each have twist � 1. After collision the

single remaining �lamen t is untwisted. Our example therefore indicates that
one can hope, at best, for a conservation of the parit y of the total twist.

8.6 Unknotting the tref oil knot by cr ossover collision

In the previous example two linked but unknotted �lamen ts merged into a
single �lamen t. Also, the initial conditions were far from a long-term solution
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t = 0:00 t = 1:665

t = 4:278 4:881

t = 4:910 t = 10:598

Figure 11: Crossover collision of two link ed twisted �lamen ts at t 0 = 4:90; x0 =
(0; 0; � 2:14) into a single untwisted �lamen t.
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' t
` ' t

r

Figure 12: A caricature of the crossover collision of two link ed, simply twisted
�lamen ts ' t

` ; ' t
r at t = t0 . Before collision, each scroll ring possessesa twist of � 1.

After collision, the resulting scroll ring is untwisted, globally.

of the equations. In contrast, we now take a trefoil knot as an initial condition
that already exhibits fully developed scroll waves. We then rescalespace,which
is equivalent to a changeof di�usion constants. This brings the �lamen ts into
su�cien tly closecontact for interaction.
The initial conditions for this autonomousexample, A = 0, are the numerical
end state of a coarsersimulation on a domain 
 1 = [� 25; 25]3, also running
on a numerical grid of 1253 grid points. The initial condition for the coarser
simulation (starting at time t = � 10) is createdusingthe polynomial p = z2

1 � z3
2

with stereographicscaling factor c = 1=5 in (8.12):

z1 = 1=5(x1 + ix 2);
z2 = 1=5x3 + i ((x2

1 + x2
2 + x2

3)=52 � 1=4);
u1

0(x) = Re(z2
1 � z3

2) clamped by (8.7);
u2

0(x) = 0:25Im(z2
1 � z3

2 ) clamped by (8.7):

(8.22)

At time t = 0, we stop the simulation, keepingthe samenumerical data at grid
points but rescalingthe domain to 
 = [� 15; 15]3. This is the initial condition
at t = 0.
Under discretization, crossover collision from a trefoil knot to two linked rings
is observed at

t0 = 8:94; x0 = (0; 0; � 9:28)(8.23)

For illustration/animation see �gure 13. Again we provide a caricature in
�gure 14.

8.7 Discussion of examples

We conclude our seriesof exampleswith someremarks. Concerning example
8.3 of scroll ring annihilation we observe that only untwisted scroll rings can be
directly annihilated. This follows from the normal form of the corresponding
singularity with positive de�nite quadratic form hPut ; Puxx jE i at (t0; x0); see
section1. More globally, it also follows from the observation that the shrinking
disk spannedby a circular �lamen t near annihilation is not traversedby other
�lamen ts. Indeed a �lamen t shrinking around another, large �lamen t would
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t = 0:00 t = 4:905

t = 7:985 t = 8:914

t = 8:966 t = 12:597

Figure 13: Decomposing the trefoil knot into two link ed twisted unknotted �la-
ments by crossover collision at t0 = 8:94; x0 = (0; 0; � 9:28). As explained in example
8.3, we seein �gures 13, 14 how the trefoil knot with twist � 3 decomposesinto two
unknotted, but mutually link ed twisted �lamen ts, each of twist � 1.
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Figure 14: A caricature of the unknotting of the trefoil knot, showing the orien-
tations of all �lamen ts.

require a three-dimensional kernel and hencea singularity of codimension at
least six.
We have not presented an example for the process opposing annihilation:
the creation of a circular �lamen t by a negative de�nite quadratic form
hPut ; Puxx jE i at (t0; x0). Since the de�niteness required for Puxx jE doesnot
predetermine the direction of 4 u, we could construct initial conditions u0(x)
corresponding to scroll ring creation at t0 = 0; x0 2 
. Although we expect
scroll ring creation to be feasible also for large positive times t0, we did not
observe this phenomenonin our simulations so far.
Our results provide speci�c examplesof the \in ternal" collision type, which [31]
have described as topologically viable; furthermore, we show that crossover
collision is the only generic way for scroll waves to change their topological
linking type.
From a modeling point of view, experimental systemsmay require substantially
more than just two dependent variables u1; u2 for an adequatedescription by
parabolic reaction di�usion systems. We repeat that theorem 4.2 predicts the
described two-variable phenomenato occur in any projection setting, where
only two combinations of the relevant quantities u1; :::; um are observable, for
exampleby color shading. We emphasizethat this observation neither requires,
nor correspondsto, a dynamic reduction of the full underlying reaction di�usion
system by inertial manifolds or related techniquesof dimension reduction.
Aiming at the ubiquitous wealth of phenomenaof pattern formation and pat-
tern transformation, our paper has detected and addressedjust a few elemen-
tary dynamic e�ects peculiar to systemsof two equations in three spacedi-
mensions.Clearly, the theoretical framework supports signi�can tly more com-
plicated spatio-temporal e�ects than were presented here. Applicabilit y hope-
fully also will reach far beyond the speci�c motivating context of Belousov-
Zhabotinsky patterns or excitable media.
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