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ABSTRACT. In a 1999 paper, Bercovici and Pata showed that a natural
bijection between the classically, free and Boolean infinitely divisible mea-
sures held at the level of limit theorems of triangular arrays. This result was
extended to include monotone convolution by the authors in [AW14]. In re-
cent years, operator-valued versions of free, Boolean and monotone proba-
bility have also been developed. Belinschi, Popa and Vinnikov showed that
the Bercovici-Pata bijection holds for the operator-valued versions of free
and Boolean probability. In this article, we extend the bijection to include
monotone probability theory even in the operator-valued case. To prove this
result, we develop the general theory of composition semigroups of non-
commutative functions and largely recapture Berkson and Porta’s classical
results on composition semigroups of complex functions in operator-valued
setting. As a byproduct, we deduce that operator-valued monotonically in-
finitely divisible distributions belong to monotone convolution semigroups.
Finally, in the appendix, we extend the result of the second author on the
classification of Cauchy transforms for non-commutative distributions to the
Cauchy transforms associated to more general completely positive maps.
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1. INTRODUCTION

It is a remarkable fact that there are natural bijections between the classes of infinitely
divisible measures in each of the four universal non-commutative probability theories,
which not only arise from the Lévy-Hincin representations of the measures, but are
maintained at the level of limit theorems of triangular arrays. This is made precise in
the following theorem:

THEOREM 1.1. Fix a finite positive Borel measure o on R, a real number ~,
a sequence of probability measures {/i,}, . and a sequence of positive integers
ki1 < ko < ---. The following assertions are equivalent:

(a) (Classical / tensor) The sequence iy, * fiy * - - - * u, converges weakly to
— —

kn

0.
Vs 3

(b) (Free) The sequence i, B fi,, B - - - B u,, converges weakly to v7;

kn
(c) (Boolean) The sequence fi,, & p, W - - - & u,, converges weakly to v ;

kn
(d) (Monotone) The sequence pi,, > fip, > - - - I> iy, converges weakly to 1’7,

k;TI,

(e) The measures
22

kn
2 +1

dun(z) = o
weakly, and
x
lim k| ——dp, () = .
tim b [ 5 @) =

Here v"7, v3%, 1?, v'7 are probability measures defined explicitly through their

complex-analytic transforms. The equivalence of classical, free, and Boolean limit
theorems in parts @), (B), @ and &) was proven in a by now classic paper due to
Bercovici and Pata [BP99]. The monotone non-commutative probability theory is of
more recent provenance [Mur00, MurOT]]. The inclusion of part (d) was proven in our
recent paper [AW14].
Voiculescu developed operator-valued notions of non-commutative probability
[Voi87] where probability measures are replaced by certain completely positive maps
from the ring of non-commutative polynomials over a C*-algebra. An analogous
theorem in this more general setting, namely the equivalence of parts (b) and @), was
proven in [BPV12]. The first main result in this paper is the inclusion of (d) at this
level of generality.
In order to study monotone infinitely divisible B-valued distributions, we must first
develop the theory of composition semigroups of non-commutative functions in a
manner analogous to Berkson and Porta’s study of these semigroups at the level of
complex functions [BPo78]. This stems from the fact that the convolution operation
for monotone probability theory satisfies the following relation for the associated F'-
transforms,

FMI>1/ = FH oF,,
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so that infinitely-divisible distributions form such a composition semigroup. In the
second main result of the paper, we prove that any monotone infinitely-divisible dis-
tribution can be included in such a semigroup. Note that even in the scalar-valued
case, this is a recent result, proved by Serban Belinschi in his thesis. Finally, we char-
acterize generators of such composition semigroups, and a smaller set of generators
of composition semigroups of F'-transforms.

In Section 2] we provide background and preliminary results. In section[3] we study
composition semigroups of vector-valued and non-commutative analytic functions.
The main results of this section are Proposition [3.3] which shows that there is a nat-
ural notion of a time derivative for semigroups of vector-valued analytic functions
{ft}+>0, and Theorem [3.3] which proves that, in the case of F'-transforms and more
general self-maps of the complex upper half plane, these semi-groups are in bijection
with certain classes of functions defined through their analytic and asymptotic proper-
ties. This bijection provides a Lévy-Hincin representation for these infinitely divisible
distributions. In sectiond we prove the main result of the paper, namely the extension
of Theorem [[.1] to the operator-valued case. In contrast to the previous section, this
is achieved through a combinatorial methodology. We close the paper with the Ap-
pendix, which is primarily concerned with the extension of the main result in [Will3],
namely the classification of the Cauchy transforms associated to B-valued distribu-
tions, to a more general class of functions including the Cauchy transforms associated
to more general CP maps.

ACKNOWLEDGEMENTS. We are grateful to the referee for helpful comments.

2. PRELIMINARIES

Let B denote a unital C*-algebra and X a self-adjoint symbol. We will define the
ring of noncommutative polynomials B(X) as the algebraic free product of B and X.
By (X) are polynomials in B{X) with zero constant term.

DEFINITION 2.1. Let i : B({X) — B denote a linear map. We say that . is exponen-
tially bounded with constant M if

M [114(01 X g -+ - Xbppa) | < M [[bal[[[b2]] - - - [[orta

We abuse terminology and say that the map p is completely positive (CP) if
@ (e 1) ([POOPFON, ) 20

for every family P;(X) € B(X).
We define a set 3y to be those 3-bimodular linear maps p satisfying (1) and 2.

n

ij=1

For a general introduction to non-commutative functions, we refer to [KVV14].
Throughout, B, A shall denote unital C*-algebras. Let M,,(53) denote the n x n ma-
trices with entries in B. We define the noncommutative space over B to be the set
Brne = {Mn(B)}>2,. A non-commutative set is a subset 1 C B, that respects
direct sums. That is, for X € Q N M,(B) and Y € QN M,(B) we have that
X@Y € QN M,y,(B). We note that these definitions apply to the more gen-
eral case of B being any unital, commutative ring, but we focus on the C*-algebraic
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844 MICHAEL ANSHELEVICH, JOHN D. WILLIAMS

setting. Given b € M, (B), the non-commutative ball of radius ¢ about b is the set
Bpe(b) := UL, Bs (%) where Bs(9*b) C M, (B) is the standard ball of radius 4.
A non-commutative function is a map f : Q — A, with the following properties:

@) f(2n) C Myn(A)

(b) frespects directsums: f(X ®Y) = f(X) @ f(Y)

(c) f respects similarities: For X € Q,, and S € M,,(C) invertible we have that

f(SXS™H =5f(Xx)S~"
provided that SXS—! € Q,,.

A non-commutative function is said to be locally bounded in slices if, for every n and
element z € Q,, f|q, is bounded on some neighborhood of x in the norm topol-
ogy. It is a remarkable fact originally due to Taylor ([Tay72], [Tay73|]) that a non-
commutative function that is Gateaux differentiable and locally bounded in slices is in
fact analytic. A non-commutative function is uniformly analytic at b € M, (B) if it is
analytic and bounded on B[°(b) for some r > 0.

Let M;7¢(B) C M,(B) denote those element b € M, (B) with 3(b) > €l,, and
M (B) = Ueso M, €. We form a non-commutative set

H*(B) = L2, M (B)

and refer to this set as the non-commutative upper half plane.
We define a family of sets in H(B). For a, ¢ > 0 define a non-commutative Stolz
angle to be

I = {be M;“(B) : 3(b) > aR(b)}.
Let i1 € Y. We define the Cauchy transform of 1 to be the analytic, non-commutative
function G,, = {G"}22, such that

GMb) = (p®1,)(b— X ®1,)7"): HY(B) = H(B).

From this map, we may construct the moment generating function, the F-transform,
the Voiculescu transform and the R-transform respectively through the following
equalities:

HM(b) =G (b)) H(B) — H™(B)

FM(b) .= G (b))~ : HT(B) = HT(B)

i (b) = (F) 0 (b) b
(n o (n —1
RV () = oV (b71)

where the superscript (—1) refers to the composition inverse. We also note that the
moment generating function extend to a neighborhood of 0 for ;1 € X and that the
Voiculescu-transform is only defined on a subset of H T (B). The following result,

proven in [Will3|] and [PV13], classifies the F'-transforms in terms of their analytic
and asymptotic properties.

THEOREM 2.1. Let f = (f™) : H*(B) — H*(B) denote an analytic, noncommu-
tative function. The following conditions are equivalent.

(a) f=F), forsome p € Xo.
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(b) The noncommutative function k& = (k™) defined by k(™ (b) :=
(f™(b=1))~! has uniformly analytic extension to a neighborhood of 0. More-
over, for any sequence {by }ren with [|b, ]| 1 0, b ' £ (by,) — 1,, in norm.

(c) There exists an o € B and a o : B{X) — B which satisfies (I) and @) such that,
foralln € N,

F™(b) =al, +b— (0 ®1,)(b(1 — Xb)™).

Moreover, the map o in (@) is of the form o(P(X)) = p(X P(X)X) for p such that
its restriction to By (X is positive.

We will require several classical results in complex function theory to prove our re-
sults. Theorem 3.16.3 in [HP74] is a useful analogue of the classical Cauchy estimates
in complex analysis. We also refer to this reference for an overview of the differential
structure of vector valued functions, including the higher order derivative 6™ utilized
below.

THEOREM 2.2. Let f be Gateaux differentiable in I/ and assume that || f(z)|| < M
forz € U. Then

16" f (a; )| < Mn!
fora+hecl.

Further, theorem 3.17.17 in [HP74] provides Lipschitz estimates for analytic func-
tions. Indeed, for an analytic function f that is locally bounded by M (a) in a neigh-
borhood of radius r,, we have that

_ 2M(a)llz — yl|
3) 1) = F@l = 5=

NOTATION 2.2. We define a family A of functions ® : H*(B) — H~(B) through
the following properties:

(i) The map R(b) := ®(b~') has uniformly analytic continuation to a non-
commutative ball about 0 with R(b)* = R(b)

(ii) For any sequence {bx }ren € B with [|b || | 0, we have that b, '®(bx) — 0.
We also define a larger family of functions A by replacing (i) and (@) with the follow-
ing weaker conditions

(I) Forany € > 0, ® is uniformly bounded on LI2® ; M,¢(B).
(1) For any o, € > 0 and a sequence {by } ken € F&"Z with [|b; ]| 4 0, we have that
by, '@ (by) — 0.
DEFINITION 2.3. Let i, v € Xg. We define the monotone convolution to be the non-
commutative operation (i, v) — p > v € X defined implicitly though the equality
Fupy =F,0F,.

Note that this definition uses Theorem 2.I] in an essential way, to show that a
composition of F-transforms is an F-transform. See Section [ and references
[PopO8), IHS11} |[Pop12, IHS14]] for the relation between this definition and monotone
independence of Muraki.
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DEFINITION 2.4. We say that p is a >-infinitely divisible distribution if, for every n,
there exists a distribution p,, € Yo such that

) 1= fin D fin B - > fin

n times
We define a composition semigroup of F-transforms {F}},cq+ by letting F,/, :=
F.P where pi = pg @ forall p, ¢ € N. We will show in Theorem[3.3]that this semigroup
extends to an R semigroup, which moreover is generated by a function ® € A in a
sense that will be made specific. Moreover, one of the main results in [Will3] is that
the set A is exactly the set of Voiculescu transforms associated to H-infinitely divisible
distributions. This is not a coincidence and will drive the main result of this paper.

3. LEVY-HINCIN REPRESENTATIONS FOR SEMIGROUPS OF NON-COMMUTATIVE
FUNCTIONS.

We begin this section with a result showing that the divisors of I>-infinitely divisible
distributions maintain the same exponential bound. A similar result can be proven in
the combinatorial setting of Sectiondlin an easier manner, but the bound is less sharp.

ProprosITION 3.1. Let i denote a >>-infinitely divisible distribution with exponential

bound M. Then, for each k, the distribution py, satisfying p = [L]I?k has exponential
bound M.

Proof. Let Xb01Xby---b,_1 X = Q(X) (S B<X> such that ||b1H = Hbg” =
-+ +|lbr=1]] = 1 and assume, for the sake of contradiction, that || (Q(X))| > M™.
Then, using the Schwarz inequality for 2-positive maps, we have that

([ (@ (X)QX) e (D = N1 (QX)) x (@7 (X))
= [l (QX))I* > M

Since ur(l) = 1, we may assume that our monomial P(X) =
Xb1Xby-+-by—1 X% X ---b3X has the property that pux(P(X)) > M2
Define an element B € M»,(B) by

01 0 0 0 0 0 0
1 0 b 00 0 0 0
06 0 1 0 0 0 0
00 1 0 b 0 0 0
g_|lo o 0w o 1 o0 0
00 0 0 1 0 b 0
00 0 0 0 -« b, 0 1
00 0 0 0 -~ 0 1 0

That is, the superdiagonal alternates between 1 and b;, the subdiagonal alternates be-
tween 1 and b;. Now, let 0 < €, and

2n—1
€ n,zn

=1
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where € is arbitrarily small and ¢ is chosen so that B; . is a strictly positive element.
Moreover, we have that

(%)

€1,1(Bs,e(X ® 12n)Bs,e)"e1,1 = €1,1B5,e[(X ® 12) B3 J*" 1 (X ® 120) Bs e€1,1
= P(X) 4+ O(max (9, €)).

To see this, note that a non-trivial contribution to (3)) must be of the form

b1=2Xb2=j3bj3-,j4ij41j5X Y bj4n71-,2Xb2-,1

Jan—2:Jan—1

where b; ; denotes the ¢,j entry of Bs.. Now, such a non-zero term is not
O(max (0, €)) means that bj, j,., must equal bay, 2, for two distinct £. However, the
only possible way for this to occur is if jx = k for k = 2,...,2n, jo, = Jon41 =
Jont2 =2nand j, =4n+2 —pforp=2n+2,...,4n— 1.

By assumption, there exists a state ¢ € B* such that ¢(uy (P(X))) > M?*. Thus, for
€ small enough, we have that

(6) B1.1 0 (1 @ 12n)(Bs.o(X @ 19,,)Bs o )*™) > M*"

(here ¢®e1,1 = ¢1,1). Thisimplies that the scalar valued Cauchy transform associated
to this random variable,

Gi:(z) = ¢1,1 0 (s ® Lo)((212n — Bs,e(X ® 12,)Bs.e) ™)

arises from a measure whose support has non-trivial intersection with R \ [—M, M],
whereas the (similarly defined) fo has support contained in [— M, M] (since its mo-
ments have growth rate smaller than powers of M). Using Stieltjes inversion, this
implies that

@) lim —3G?

i e (x +it) > 0

for some z > M (or the limit simply does not exist in the atomic case).
Calculating the imaginary part of this Cauchy transform, we have
S([n((#12n — B, X Bs.e) ™I 71) = By i S (B5 22 — X) 717 B5
= By SFL (2B 1) B3l
< B3 SFM(2B; 2)B; !
®) = S((u((#12n — B5,eX Bs.e) "I

where the inequality follows from the fact that F}, = Fﬁf‘l o I}, and F-transforms
increase the imaginary part.
Rewriting the right hand side of (8), we have that

S([((212y — Bé,eXBé,e)_l)]_l)
= [U((Zl% - BJ-,GXB&E)il)*]il'
(9) %(,U/((Zlﬁz - BJ,GXBé,e)_l))[M((zl%L - BJ,GXBJ,G)_l)]_l

= FJ () S(FS () EY(2)
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We conclude that
(10)  S([p(212n = Bs.eX Bso) )7 < Fpe(2) S(F(2)) Fpe(2).
Since F)€ extends to R \ [-M, M]
. 5,e .
1;%1 G (z +it)
converges to a positive element in B and

. 5.€ .

1151?0(1 S(Fy(z+it)) =0

it follows that the right hand side or (I0) converges to 0 in norm, contradicting (7).
This completes our proof. O

ProprosiTioN 3.2. Let u, ux be as in the preceding proposition. We have that
F,, — Idinnorm as k 1 oo uniformly on M;(B), and this convergence is also
uniform over n . Moreover, the functions " (b=1) — b= and F"” (b=1)~ extend
analytically to B“(0), where the radius r is dependent only on M from Proposi-
tion[3.1] and satisfy

(11) FMOe™) —bt =0,
(12) FMW b~ =H™M([b) - b

where this convergence is uniform on B}*“(0).

Proof. Consider the Nevanlinna representations of each of these functions
(13) FM(b) = o @ 1 +b— GUM(b)

defined in Theorem 2], where we have adopted the notation that ;. = p1. We claim
that the distributions pj, share a common exponential bound NV for all k£ € N.

To prove this claim, first observe that, by Theorem 4.1 in [Will3]], there exist distribu-
tions v such that

b—FM(b) = i (b) = —ap @ L, + G (D).
Moreover, it was shown in [PV 13] that if the v and the v, have a common exponential
bound N then the distributions p and py have a common exponential bound N2 + 1.
Focusing on the vy, we may manipulate equations[I3]to conclude that
(14) Ry, (071) = @, () = b~ = F, (b71).

Now, expand the moment series
(15) FR @™ = HE(0) =Y pi((bX)D).
p=0

Note that Proposition 3.1] implies that this function is convergent and uniformly
bounded for b € B“(0), independent of k.

Observe that the moment generating function satisfies

(16)

[HSD(0)] 71 = b7 = ik (X) + s (X)bpar (X) = pr(XDX) 4+ = b7+ f) (b, X))

DOCUMENTA MATHEMATICA 21 (2016) 841-871



OPERATOR-VALUED MONOTONE CONVOLUTION SEMIGROUPS 849

where £ (b, X) is analytic in b and converges for ||b|| small, where the radius of
convergence is only dependent on M. Thus, [HS" (b)]~! — b= extends to a neigh-

borhood of 0 whose radius is independent of 2 and k and agrees with F,\") (b=1) — b1
when b is invertible. Moreover, these observations, combined with (I4) imply that the
functions R,, have a common R, C' > 0 such that the functions extend to a common
domain B}°(0) with a common bound C. Now a careful look at the Kantorovich ar-
gument in part I of the proof of Theorem 4.1 in [Will3] allows us to conclude that
the exponential bound on the distributions v, depend only on R, proving our claim.
Recall that F},, o---o F,, = F, we have that

a7 G =Gb) + G o FM(b) + -+ G o FM oo F™(b)
N———
k—1 times

Letting b = z1,, for z € C, we have that

1
lim zH,S") (—1n) = lim zGE)")(zln)

|z|To0 z |z|To0
k—1
= lim ZGE)Z) o (Fﬁz))OZ(zln)
2|00 o=
k—1
= lim Y zH( ([(Fw)of(ﬁn)]—l)
2|00 o=
k—1
= lim zH,S" o G,(j") (z1n)
|2ltoo o= F* ‘

k—1
1 1
= lim ¥ —H™ oG (—1n)
w

Pk
|w]l0 = w
k—1 1
= \Hﬁlo EH’SZ) o Hl(,?) (wl,)
b e

where [(F\"))°*]=! = G,, is the Cauchy transform of a distribution vy € % (this
follows from Theorem[2.1)). Moreover, we have that

1
lim —H™ (wl,) =1,
Jimn o v (wly)

so that, passing to limits and utilizing the chain rule and the fact that H, 5?) (0,) =0,
, we have that

SH™ (0n; 1n) = kSH (0,3 15,)
Utilizing the main result in our appendix, Theorem[A Il we conclude that
(18) p(1) = u(X?) = kur(X?) = kpr(1).
so that pi(1) = O(1/k).
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Now, assume that b € M;¢(B). We claim that ||[b~!|| < 1/e. Indeed, observe that,
for b = x + iy with y > €l,,,

(19) b=+ (Vo) =(Vy) Vi
(it follows easily from this equation that b is invertible, but this is known). Thus,
(20) bt = (V) T+ (Vo) Tlae(ve) T T (V)T

Now, utilizing the spectral mapping theorem and the fact that the spectral radius agrees
with the norm for normal operators, we have that ||(,/y) || < (v/€)~'. Moreover,
since i + (\/y) '@(,/y)"" is normal and has spectrum with imaginary part larger
than 1, we have that (i + (/y) '@(,/y)~")~" is normal and, by the same spectral
considerations, has norm bounded by 1. These observations, combined with (I9)
imply our claim.

Thus, for b € M, (B), we have

1ES (8) = bl < llewel + 1 (o © 1) (0 = X) 77|
< ledl/k + 110 = X) Ml (o ® 1) (L) |
< @ . Hpkil)ll _ el +kp(1)/€

and the right hand side converges to zero uniformly over M ¢(B), independent of n.
Regarding the second part of our Proposition, we first observe that each of the mo-
ments of p converges to 0. Indeed, utilizing the Schwarz inequality for 2-positive
maps as well as Proposition[3.1] we have that

1k (X b1 X 0o X -0 X)|* < [l (X i (XOGX - b5 XDTb1 Xbo X - by X)) |
< X2 M2E by |12 a2 - - - [l
= k

Moreover, the tail of the series expansion of f(") (b, X) is bounded in norm inde-
pendent of n and k£ . the individual entries all go to 0 so the we conclude that
f@™ (b, X) — 0 uniformly on b € B*(0) as k 1 oo so that we can immediately
conclude that (12) holds. This completes our proof. 0

We next prove a differentiation result for vector valued functions. We adapt a proof
found in [BPo78] of a similar result for complex functions.

ProroSITION 3.3. Let A and B denote unital Banach algebras. Consider an open
subset ) C A. Let f; : Q +— Bforall t > 0 be a composition semigroup of analytic
functions. Assume that for every b’ € (2, there exists a § > 0 such that

(a) limyyo f¢(b) — b — 0 uniformly over b € Bs(b')
(b) For any T' > 0, we have that f;(b) — b is uniformly bounded over b € Bs(}’) and
te[0,7T].
Then, there exists an analytic ® : 2 — B such that
df(b)

(21) —a —®(f:(b)).
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Proof. Fix b’ € Q). We first claim that there exists an a > 0 such that

@) 1 £2e6) = 206) + b < T51(b) — b

forallt € [0, ] and b € Bs/»(b") where the value of 0 comes from the statement .
Indeed, fix b € Bj/2(b’). We first consider the simple case when there exists a se-
quence t,, | 0 such that f; (b) = b. Since {f;} form a composition semigroup, this
property then holds for a dense set of ¢’s, and by continuity assumption in part (a), for
all t > 0. So (22) holds trivially.

Thus, suppose that f;(b) # b for t € [0, a]. Define a family of complex functions g;
through the following equalities:

ilb) —

hi == 70 =0l 9:(C) := fe(b+ Che) —b: Bs/2(0) — B.

where Bs/(0) refers to the neighborhood of zero in the complex plane. Note that,
since we are taking a ball of radius §/2, we may define h; for all such b provided that
our choice of « is small enough.

Consider the vector valued complex integral

Il f¢ (b)—bl|
23) /0 d%[gt(o _ Chidc.

By @) and the Cauchy estimates in Theorem[2.2] the integrand can be made arbitrarily
small for ¢ small. By the fundamental theorem, this integral is equal to

gt(Hft(b) - b”) - gt(O) - (ft(b) - b) =
= fi(b+ (fe(b) = b)) — b—2(ft(b) — b) = far(b) — 2f+() + b.

Using our bound on the integrand, equation 22) follows immediately.
We now use (22)) to prove that for v > 0 there exists an M > 0 such that

24) 1£:(0) — bl < Mt2/3
forall t € [0,a] and b € Bs/o(V'). Indeed, pick ¢ € [0,a] and m € N such that
2mt < a < 2™F1t. Note that inequality (22)) and the triangle inequality imply that

20£(8) — bl — | far(B) — bl] < [Lfar(®) — 27u(B) + Bl < = 1£s(®) — b]

— 10
so that
10 -
(25) 1£:(b) = bl < 751 £22(b) = bl < 272 fau(b) — 0]
Using this estimate inductively, we have
1 \2/3
12 (B) =l < 272 £a2(B) bl < - < 2723 fome (b)—bl| = 3/ (ﬁ) M

where M’ is a bound on || f5(b) — b|| for s < 2 which exists by (B). Equation 24)
follows with M = 22/3M" /av.
Now, revisiting the argument for (22), inequality @4) implies that the integrand in
(23) has bound equal to

2M /3
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as a result of the Cauchy estimates. Thus, we have the following:
(26) 1£20(b) = 2£:(b) + bl| < 26*/%| fu(b) — bI| < 2011/,

We may further conclude that

on fo0) b fulb) - bH < s
2t t

Thus, we have that

(28) hm2 (fo-r(b) — 1)

converges uniformly on B/, (b") and we refer to this limit as —®(b).
Using (27)), we note that ® is locally bounded. Indeed, we have that

12°(f120 (b) = b) + @B)| < D 1125 (f1/2% (b) — b) = 251 (fr /2001 () = )|

k=p

M/ 11\"
=p

for all b € B;/2(b'). Local boundedness of ® follows since (f1/2»(b) — b) is locally
bounded. Also note that C(p) — 0 as p 1 oc.

Regarding analyticity of ®, consider a state ¢ € B*, b € Bj/5(b’), and an element
h € B with ||h|| < 1. We define complex maps

Hm(z) : B(;/Q(O) cC—-C
for m > 0 through the equalities:
Hy(z) == o®(b+ zh); Hp(z):=2"po (fo-m(b+ 2zh) — (b+ zh)).

By 8), H,, — Hy for z € B;;5(0), and by (29), the limit is bounded on this set.
Thus, Hj is analytic in z. By Dunford’s theorem ([Dun38]), it follows that ®(b +
zh) is analytic in z and, therefore, Giteaux differentiable. As this function is locally
bounded, it is analytic.

Regarding (21), observe that { f(b) };>0 is compact since it is the continuous image
of [0, ]. As @) and (B) hold on neighborhoods of every point in this set, taking a finite
cover, we have that @) and (&) holds uniformly on a neighborhood of this set and,
after a close look at the relevant constants, (29) is also maintained on this set. Now,
fixt > 0andlet{,/2P — tasp T co.

ZP
fe(0) = b= (fe(b) = fis, 20 (b)) + Z(fj/zp (b) = f(j—1y/20 (D))

= (fe(b) — ftfep/zp )+ Z 2p 2P[f; /a0 (b) = f(j=1)/20 (D)])

Asp T oo,
fi(b) — Ji—e, /20 (b) = Je, 20 0 feu, o0 (b) — Jt—e,)2r (b) =0
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since @) holds on the entire path. Moreover, the remaining summand is simply a
Riemann sum approximation of a sequence of functions converging uniformly to —®o
fs(b) for s € [0, t]. The following equation follows immediately:

t
i) = b— / B o f.(b)ds.
0
We conclude that (21)) holds, completing our proof. O

COROLLARY 3.4. Let A and B denote Banach algebras and 2 C LIS ; M,,(A) anon-
commutative set. Let F} : 2 — L ; M, (B) forall ¢ > 0 and assume that they form a
composition semigroup of analytic non-commutative functions. Assume that, for each
n, the composition semigroup of vector valued analytic functions {Ft(n)}tzo satisfies
the hypotheses of Proposition[3.3] Then there exists an analytic, noncommutative map
O Q — LSS, M, (B) such that

dF" (b)

i = e Er )

(30)

foralln € N, b € Q,.
Moreover, if we strengthen these assumptions so that, for any n and b € M,,(B), there
exists a § > 0 with
(a) limyyo Fy — Id — 0 uniformly over By (b).
(b) For any T' > 0, we have that f(b) — b is uniformly bounded on Bj¢(b) and
te[0,7T].
then @ is uniformly analytic.

Proof. We showed in Proposition [3.3] this map ® exists. We must show that it is a
non-commutative function. However, this is immediate since, for by € M,,(B) and
by € M,(B), we have

D) (by @ by) = lim 28 (FP) (b1 @ bo) — by @ bo)

T n) n)
= ll}rglo Qk([FQ%(bl) -] ® [F27k(b2) —ba])

=3 (b)) & dP(by).

A similar proof shows that it also satisfies the defining invariance property so that our
first claim holds.

With respect to the uniform analyticity, we refer to the proof of Proposition 3.3l Ob-
serve that inequality (22) holds for o small enough. This « is only dependent on the
convergence of the integrand in (23). This converges to 0 uniformly on B}¢(b) by
assumption @ and the same Cauchy estimate so that the choice of « is also uniform
on this set. Moreover, the constant M in 24) is equal to 22/3M’ /o where M’ is
the upper bound on F; — Id for s < «. Assumption (B) implies that this bound is
uniform on Bj¢(b). Thus, inequality (29) holds on all of this set, implying uniform
analyticity. O

THEOREM 3.5. Let {F}};cq+ denote a composition semigroup of non-commutative
functions Fy : HT(B) — H™T(B) such that
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(1) HFt(")(b) — b|| — 0 uniformly on M, ¢(B) for all € > 0, independent of n as
t10.
(if) For any o, e > 0 and sequence b, € 1",(1"2 with [|b; '] | 0, we have that
b F™ (b)) = 1 as k 1 oo
(iii) SF™ (b) > Sbforall b € M (B)and t > 0.
Then {F} };cq+ extends to a semigroup {F} }¢>0 and the map ® from Proposition[3.4]
is an element of A.
Since, by Proposition 3.2] the conditions above are satisfied by F-transforms, this
implies that a >-infinitely divisible distribution y as in Definition 2.4] can be realized
as i = pu1 for a monotone convolution semigroup {/i¢},~,. For such a semigroup,
® c A
Conversely, given a map & € A we may construct a semigroup of non-commutative
functions satisfying the hypotheses above as well as the differential equation

a1 LHUS0)

If ® € A then the semigroup arises from a >>-infinitely divisible distribution.

We shall refer to this element ® as the generator or the semigroup {F} }+>o.

Proof. First, let & € A. We will produce the semigroup it generates by the method of
successive approximations.

Consider a sequence of non-commutative functions { f (¢, ) }+>0, ken defined as fol-
lows:

t
(32) ) =0 f (D) = b — / o(f (s,0))ds.

We claim that f (¢, -) is convergent and satisfies the semigroup property with genera-
tor ®.

Observe that since ® is uniformly bounded by a constant M on set MJ’E/Q(B) and
fi(t,-) maps the set M;¢(B) to itself since

o HY(B) — H(B)
we have that
(33) S£M(t,0) > S(b).
By (@), this implies that f,g") (t,-) is Lipschitz on the set B 5(b) C M;%(B) for all

b € M, ¢(B), and the Lipschitz constant L is uniform over both k, b and bounded ¢.
Moreover, we may extend the Lipschitz inequality

1£s(t,0) = fi(t, )] < Lo — |

to all b,b" € M, ¢(B) by taking a path b + s(b’ — b) for s € [0,1] and using the
Lipschitz estimate on intervals of distance €/2 since the distances are additive on this
path. Using this Lipschitz estimate in the integrand of (32), we conclude that

(34) 1£57 (8, 0) — 1 (8,0)]] = ]| @(b)|| < tML
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and we may conclude that

15 (1.b) é’”(t,b)nH [ 008 5.0 — 001 s,

t
<L /[fé”)(s,b)ffl(")(s,b)]ds
0

t?L?M

¢
< L/ [LMs]ds <
0

Continuing inductively, we have that

k+1
() (4 p) _ M) o M(L)
For any choice of ¢ € [0, o], we have that
N
(36) S0 —b =" (1) - £ 0)

k=0

is a convergent series as N 1 oo and we may conclude that fx (¢, -) converges to a
function f(t, -) uniformly on M,"¢(B), independent of n.
It is clear that f(,-) satisfies (3I). Regarding the asymptotics, let a;, e > 0 and fix

a sequence b, € T\") with 6, 1] 4 0. Note that bzlfl(")(t,bg) = 1,, and satisfies
1A, be)|| 7 L 0 as b Y] L 0. We claim b, ' £ (,bs) — 1, and satisfies
£ (8, be)|| 72 4 Oas || ]| 4 O for all k, uniformly over ¢ € [0, a].

Proceeding by induction, we have that for fixed k

t
G b (tbe) = 1, — / by £ (5, b)) (£ (5, b)) TH@(F™ (5, be) ) ds.
0
We bound the integrand by
107 £ (5, b (5,0)) L@ (£ (3, b)) |

which converges to 0 uniformly over s € [0, @] by induction, so that (37) converges to
1,,. Moreover,

LA, (b)) 1< 107 M1l (8, b)) 72 = .

Thus, each fi (¢, -) has the appropriate asymptotics and, since f(¢, -) is a uniform limit
of these functions on Mf{ *¢, our claim holds Condition (iii) follows from (33).

In order to complete our proof, we further assume that ® € A and prove that the
functions f(t,-) are in fact the F-transforms of noncommutative distributions u; €
Y. To do so we must show that the function f(¢,b~1)~! has a uniformly analytic
extension to a neighborhood of 0 for all ¢ > 0. Note that, since ® € A, there exists
ad > 0 and constants M, L > 0 such that &) (b~1) extends to B2¢(0) with upper
bound M and Lipschitz constant L.

Now fix o > 0. We claim that, for v > 0 small enough we have that fk")(t, b=1)~t

extends to B, (0,,) C M, (B) for all n and satisfies f"(t,b=1)=1 € Bs(0,,) for all
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b € B,(0,). Choose any t € [0,a] and b € B, (0,) where v < ¢ is yet unspecified.

We have
t —1
(1n—/ bq)(b—l)ds) —1,|b
0
e t

WA R AR (N Rl [

il

<Y (YMa)"

n=1
_ Y’Ma
1 —yMa
Deriving a similar inequality for general k, we have that
(38)

KR e R AR (X il

-1 -1

(bl/ottl)o ,§">(s,b1)ds> - (bl/OtQDo ,g@l(s,bl)ds)
=||(1n— [ ot ,i’”(t,bl»)_l (0 [ @07 - 207

(1n—/0tb<1>( ™) (1,4~ ))) b

1 2
< 27, n)y p—1 (n) -1
< (o) LA 07 = A0

By induction, we have that

k 2070—1_¢
(n) (4 p—1y—1 _ MA™"L™ a
[ foyn (E077) 7" = bl = ; A= MayT

This is convergent as k T oo for v small and converges to 0 as y | 0. Thus, for vy small
enough, we have that f,gi)l (t,b=1) € Bs(0,) for all k and n and, therefore, converges
to a limit function on B, (0,,) (since the differences in (38) are Cauchy). This limit
function must agree with f(¢,-) by analytic continuation. This completes our proof
that f(¢,-) is an F-transform for all ¢.

To address the converse, consider a semigroup { F} },cq+ satisfying the (i) and (@) in
the statement of the theorem. First note that this easily extends to an R™ composition
semigroup. Indeed, define F;(b) = limy, /4,4 F,/4(D). To see that this is well defined,
note that, as p/q,p’/q’ — t, we have

15370 ®) = E i O = oy © Byl (8) = By ()] = 0

uniformly on M,¢(B) by property () and @il . It is immediate that this is a compo-
sition semigroup over R™ satisfying (@), (@) and ().
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By Corollary[3.4] this semigroup may be differentiated to produce a non-commutative
function ® . Regarding the asymptotics of ®, consider the inequality

b (F™ (b) — b) (F™ (b) = b)

(39) 5710 (b)) < t t

+lo7] — @™ (b)

Utilizing inequality (29) in the proof of Proposition 3.3 produces

(FR () - ) <u Y (ﬁ)k

(40) o5
k=N+1

—_ o (b)

where this M = 2M'/a . As was noted in the proof of Corollary 3.4, uniform
convergence in the sense of (i) and (@ implies a uniform bound on M. Thus, (4Q0)
converges to 0 uniformly on M,1¢(B) so that, for fixed ¢ small enough, second term
on the right hand side of (39) is smaller than any § > 0 for b € M,¢(B). Letting
by € F&"g satisfy [|b,'|| | O, the first term on the right hand side of (33) converges to
0 by assumption (i), and it follows that & € A.
If { F}}+>0 arises from a >>-infinitely divisible measure, then it follows from Proposi-
tion[3.dland Theorem 2] that b;lF,S?) (br) — 1, for any sequence by, € M, (BB) with
|6 ']l 4 0 and a similar proof allows one to conclude that ® satisfies condition () in
the definition of A.
It remains to show that ® satisfies ({). However, Proposition implies that there
exists a fixed r > 0 such that each function F"”) (b=1) — b= extends to B,({0}) and
converges to 0 uniformly on this set. Thus, the strengthened hypotheses in Corollary
[3.3hold so that the non-commutative function defined by the equalities

R™(b) = lim —F‘St)(b b

tl0 t

is uniformly analytic at 0 and, by continuation, is an extension of &™) (b~1) for each
n. Thus, ® € A, completing our proof. g

The following proposition establishes continuity in generating the semigroups, and
may be useful in future applications.

PROPOSITION 3.6. Assume that &, ®y € A generate the semigroups of noncom-
mutative functions {Fi(¢,-)}i>0 and {Fa(t, ) }+>0. If we assume that ||<I>§n)(b) -
q)én)(b)H < eforallb € Bs(b') C M,(B), aball of radius § where S(b') > d1,,
then we may conclude that || F\™ (1,b) — F{™ (1,b)|| < Ce for all b € Bs(b') where
C depends only on ;.
Proof. To prove our claim, we first note that, by the vector-valued chain rule,

52F™ (t,b)

at?

so that F;(t,b) is twice differentiable in ¢ and has uniformly bounded derivative for

be H™¢(B)and t € [0,1]. We refer to the maximum of this bound over i = 1,2 as
Mos.

= 39" (Ff”’(t, b), %F““(b, t))
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Using the remainder estimates for the Taylor series associated to Fj;, we have the
following:

Msy~?

2
Let My = supyyrt<(5), nen 6@ (b,-)||. Utilizing the estimate @I) with v =
1/N, we produce the following inequalities:

[F™ (b, to + 1/N) — F{™ (b, + 1/N))|

@D [1E5(b,t +7) = Fi(b, ) —y®(Fi(b, 1)) <

MQ 1 n n n n

< 5 ol ED ) - o (B 0ot0)]
+ I F™ (b, t0) — FS (b, o)
Moy

1 n n n n
<+ 3 1 (E 6, 10)) - 81 (FL 0, 10) |

1 n n n n n n
+ 7 12 (E (0,10)) — @57 (" (b, 1)) || + | F™ (b t0) = B (b, 10)|

MQ € M1 n n
<q eyt (14 ) IF 0 - FY 6

Using this estimate inductively, we have that

Nl k M
(n) (n) € Mo M, eMr _q
HF1 (b’l)_FQ (b,l)H < (N +m) kio (14—7) — €

where the convergence occurs as N 1 oo. This implies our result.

4. THE BERCOVICI-PATA BIJECTION.

DEFINITION 4.1. Let (S, <) be a poset (partially ordered set). An order on S is an
order-preserving bijection

f(8,=) = ({1.2,...,18]},<).
Denote by o(.S) the number of different orders on S.

LEMMA 4.2. Let (S, <) be a poset, and S = U UV a partition of S. U and V are
posets with the induced order.

(a) Suppose that forallu € U andv € V, u < v. Then
o(S) = o(U)o(V).

(b) Suppose that for all uw € U and v € V, u and v are unrelated to each other.

Then
o(S) _ o(U) o(V)
ElEa
Proof. Part (a) is obvious. It is also clear that under the assumptions of part (b), there
is a bijection between the orders on S and triples

{order on U, order on V, a subset of {1,2,...,|S|} of cardinality |U|} .
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Therefore
S I)
o(S) = ( o(U)o(V).
U|
This implies part (b). 0
DEFINITION 4.3. For a non-crossing partition 7 = {V1, Va, ..., V}}, define a partial

order on it as follows: for U,V € m, U < V if forsome 7,5 € U and any v € V, we
have ¢ < v < j. In this case we say that U covers V. Minimal elements with respect
to this order are called the outer blocks of ; the rest are the inner blocks.

See [HS11,HS14] for more on orders on non-crossing partitions.

DEFINITION 4.4. Let i1 : B{X) — B be a B-bimodule map; at this point no positivity

assumptions are made. Its monotone cumulant functional is the B-bimodule map K* :
Bo(X) — B defined implicitly by

@) uboXbiX . by Xb)= > 0(”') K"boXb1 X ... bu_1Xby].
TENC(n) |7T|

Here for a non-crossing partition 7, K* is defined in terms of K* in the usual way

as in [Spe98] (see Section 3 of [ABFN13] for a detailed discussion), and o(7) is the

number of orders on 7 considered as a poset (as in the preceding definition). The

implicit definition determines the monotone cumulants uniquely since

(43)

K [boX ... by -1 Xbn] = pfboX ... bp 1 Xbp]— > %Kﬁ[box...bnlmn],

™

!
TENC(n) ’
n#1,

and the second term on the right-hand side can be expressed in terms of lower-order
moments.

REMARK 4.5. For N € N, we note that
KHOIN — KPP @ 1.

The proof of this fact is identical to that of Proposition 6.3 of [PV 13].

It follows that the generating function arguments in the rest of this section work
equally well for each 1+ ® 1, and so the corresponding generating functions com-
pletely determine the states.

LEMMA 4.6. For B-bimodule maps, p; — u if and only if K* — K*.
Proof. By assumption, p;[b] = b = u[b]. For n > 1, clearly if
KMi[boXb1 X ... .bp_1Xbp] = KH[boXb1 X ...b,_1Xby)

then
‘Ltz[boXle A bnlebn] — ‘Lt[boXle R bnlebn]

from equation @2). The other implication follows by induction on n, using equa-

tion (@3). O
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DEFINITION 4.7. For yu as above and 7 : B — B a linear map, define ™" via
K* ' o Xb1X .. bu1Xby] = bon (K*[Xb1X ... bp_1X]) by.

Define the formal generating functions
HY(0) =) pulb(XD)"]
n=0
and
K*(b) =Y K" [b(Xb)"].
n=1

Note that as formal series,
H"(b) = G*(b™1),

so our notation is consistent with the analytic function notation in the rest of the article,
except that we use superscripts for formal series. Note also that these generating
functions differ by a factor of b from the more standard ones, and are more appropriate
for the computations with monotone convolution.

REMARK 4.8. Fixn € Nand 7 € NC(n). Denote by V1, ..., V4 the outer blocks of
m, by ¢(V;) the partition consisting of V; and the inner blocks it covers, and by ¢;(V;),
Jj =1,2,...,|V;| — 1 the partition consisting of the inner blocks lying between the
jth and the (5 + 1)st elements of V;. By Lemmald.2] part (b),

o(m) 1y ole(Vd)
@ = U
By part (a) of that lemma,
[Vi|-1 [Vi|-1
ofe(Vi) = o{Viho | U V)] =of U &)

and so by part (b),

o) "t o(e; (V)
@) e SEI

The following results may be contained in [Pop08], and are closely related to Propo-
sition 3.5 in [HS14]]. We provide a purely combinatorial direct proof.

PROPOSITION 4.9. Let p : B(X) — B be an exponentially bounded B-bimodule
map. Then for eachn

dH WS ()

dat = KrOW (HIE (b)),

DOCUMENTA MATHEMATICA 21 (2016) 841-871



OPERATOR-VALUED MONOTONE CONVOLUTION SEMIGROUPS 861

Proof. It suffices to prove the result for N = 1. We begin by proving this equality for
each of the coefficients of the series expansions of H* " and K* o H*"". Since

iMDf[b(Xb)"]:i > t'”‘@K#[bXbX...bXb]

dt e |7r|!
(46)

> t‘”"lo(iﬂ)'K#[bXbX...bXb],
TENC(n) (|7T| N 1)

the coefficient of K*[b(Xb)"] in its expansion is ¢/™/~1 (\;fj)n! . On the other hand,

K* {H“N(b) (XH”N(b))l}

= K [H )X O)X L )X (b))

_ 7o) 0(T0)
= > E"| Y tom'!K#OX

ko,...,ki>0 7o ENC (ko)

S ™y x5 o)
oy Ml mft
T 1 TrlENC(kl)

_ Z Z o(mo) o(m1) O(WI)K;L
: = :
ko,....k1>0 7, eNC(k;), [molt [ ! [ml!
0<i<l

[KEXKE X .. XKE] tlmoltml+etim|
o T ™ 9

where Ky(b) = b. Fixingn = ko + ... + k; + [, each term in this expansion is a
multiple of K#[b(Xb)"], where 7 is constructed from partitions g, 71, . .., 7, and
an additional outer block of [ elements:

V=_dko+1Lko+ki+2,....k0+...+ k1 +1}en
and
m; = restrictionof wto [ko+...+ ki1 +i+ 1, ko+...+k;+i], i=0,1,...,1

Note that |mg| 4 |71| + ... + |m| = |7| — 1. This identification has an inverse, which
requires first choosing one of the k£ outer blocks of 7. Order the outer blocks left-
to-right and call the specially chosen block V;. Using the notation from Remark [4.8]
we see that the coefficient of K#[b(Xb)"] in the expansion of K*(H""" (b)) is t/71-1
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times

o (Ujcicvi) (1"
Uy eV

>

:E <(vz|—1'H|c vl
ﬁ

(Iﬂl - 1)
Here we used equation (45), and equation (4) applied to partitions [ J,_; ¢(V;) and
Uj>i ¢(V;), in the first line, and again @4) in the last line. Since we obtained the
same coefficient as in expansion (46), the result is proved for each of the individual
components of the respective series expansions for each n € N.
Extending this to the series expansions and, therefore, the functions, observe that all of
the sets over which the sums occur have cardinality whose growth rate is exponential
over n. Thus, for ||b]| small enough, the exponential boundedness of 1 implies that
the respective series are absolutely convergent. We may therefore conclude that the ¢
coefficients of the series expansions agree, provided that b € Bs(0) for § > 0 small
enough. Thus,
>t

dH*;t (b) _ K“(H“Dt(b)).
for b € B;5(0).
To extend to arbitrary bounded sets in B~, consider the net of difference quotients

H " (b) — HY ()

Db, t) = -

for ¢ > 0. We have just shown that

lim DY (b, t) — K*(H" ' (b))

h—0
uniformly on B;s(0). By Theorem 2.10 in [BPV12], this implies that the same is true
on all bounded sets in B~. Thus, at the level of functions,

dH"" (b)
dt

proving our result. 0

= K"(H"" (b)),

COROLLARY 4.10.
H(H®1n)l>(s+t) (b) _ H(l"@ln)DS (H(l"@ln)Dt (b)) .
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In particular,
> (s+t)

P () = e (F“M(b)) ,

so the combinatorial definition of monotone convolution powers coincides with the
complex analytic one in Definition[2.3]

Proof. By Proposition 4.9 HHT (H“N (b)) , as a function of s, satisfies

d%H”“ (H“M(b)) — K# (HM“ (H“M(b))) :
He (H“N(b))

Since, by the same proposition, H* b) also satisfies this differential equation
with this initial condition, they coincide for all positive s.
For the second statement, we observe that

GMDS (Fubt (b)) _ GHDS ((G“M (b))—l) _ H“DS H”Dt(b_l))

> (s+t)

e e

— H*'(b).
o (b)

>(s+t) (

> (s+t)

G (b).
]

ProrosiTiON 4.11. If p,v € Yo and p > p = v > v, then p = v. In particular, if
the square root with respect to the monotone convolution exists, it is unique.

Proof. Under the given assumption,
KHF = 1 KHbr — KV
2 )
and therefore p = v. 0

REMARK 4.12. Let v € B be self-adjoint, and o : B(X) — B be a completely
positive but not necessarily a B-bimodule map. Define 1) via its Boolean cumulant
functional

B" [boXby] = boyby, B [boXb1X ... by_1Xby] = boo[b1 X ... bp_1]bn.

It is known [BPV12| [ABENT3] that v}? is a completely positive B-bimodule map.
Similarly, define v’ via its monotone cumulant functional

K" [boXb1] = boyby, K2 [boXb1X ... bp_1Xby] = boo[b1 X ... bp_1]bn.
We could also define V%’U via its free cumulant functional
RYE [boXby] = boyby, R'E [boXb1X ...bp_1Xbp] =boo[by X ...by_1]bn.

LEMMA 4.13. Let k; — oo be a numerical sequence, {p; : B(X) — B};2, a se-
quence of linear B-bimodule maps, and p : Bo(X) — B a linear B-bimodule map.
The following are equivalent.

(@) kil P(X)] — p[P(X)] for all P(X) € Bo(X).
(b) k;R*[P(X)] — p[P(X)] for all P(X) € By(X).
(¢) k;B*[P(X)] — p[P(X)] forall P(X) € Bo(X).
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(d) k; KH[P(X)] = p[P(X)] forall P(X) € By(X).
Here in all cases, the convergence is in norm on B.

Proof. We will prove the equivalence between (a) and (d); the rest are similar, and
were proved in [BPV12]. Indeed, on By (X),

kipi[boXb1 X ... bp_1Xby] = ki KM [boXb1 X .. .bp—1Xby]

1 om )
+ = % (ki K) [boXb1X .. by_1 Xby).
TeENC(n) i ’
frizs”

It follows immediately that (d) implies (a). The converse implication follows by in-
duction on n. O

COROLLARY 4.14. For linear B-bimodule maps p; : B(X) — B, the following are
equivalent.

(a)
(b)

MZE]” —vg°.
(c)

uf’” — .
(d)

>k; Y50
psr = vl

Proof. We will prove the equivalence between (a) and (d); the rest are similar, see
Lecture 13 in [NS06]. Indeed, by Lemma4.6] the statement in part (d) is equivalent
to

i KP = K77
which by definition of 2’ means

sz’u"[X] -, sz‘ul[Xle . .bnle] — O'[le. . .bnfl]

This is equivalent to (a) by the preceding lemma. U

COROLLARY 4.15. v? is a completely positive map.

Proof. We can choose completely positive p; such that " — 117, for example by
14,1 . .. .. ;

taking p; = y@% 7 Then v’? is the limit of completely positive maps u}™*, and as

such is completely positive (monotone convolution of two completely positive maps

is known to be positive, see Proposition 6.2 of [[Pop08]| and also [Pop12]). O

PROPOSITION 4.16. Monotone convolution semigroups of completely positive B-
bimodule maps are in a one-to-one correspondence with pairs (v, o) as above.
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Proof. {Vtg’w it > 0} form a one-parameter monotone convolution semigroup of
completely positive B-bimodule maps. Conversely, if {1 } is such a semigroup, define

d
y= S| ulx) = KM (x] € B,
dt|,_,
d
O'[le e bnfl] = E ,LLt[Xle e bnle] = K" [Xle .. .bnle].
t=0
Since for P; € B(X) and ¢; € B,
N d N
> ol Pe; = R Y GXPIPiXc;| =
i,j=1 t=0 i,j=1
1 N
= lim 1 ”Z:l cEXPrPjXcj| >0,
o is completely positive g

REMARK 4.17. A short calculation shows that

D(b) =+ Go(b).
This, combined with Theorem 2.1} gives an alternative proof of the result in Theo-
rem [3.3] that generators of semigroups arising from t>-infinitely divisible distributions
coincide with the set A. One can also use a standard combinatorial argument to show
that >-infinitely divisible distributions belong to such one-parameter semigroups. At

this point, we do not know how to obtain the more general results in Theorem 3.3] by
combinatorial methods.

APPENDIX A. CHARACTERIZATION OF GENERAL CAUCHY TRANSFORMS

In this appendix, we extend the main result in [Will3], namely the classification of
the Cauchy transforms associated to distributions i € g, to the Cauchy transforms
associated to more general CP maps.

THEOREM A.l. The following are equivalent:
(I) The analytic non-commutative function G = (G™),>, : H*(B) — H~ (B
has the property that I = (H(™),,>, defined through the equalities F (") (b) :=
G™ (b=1) forallm € Nand b € M, (B) has uniformly analytic extension to a
neighborhood of 0 satisfying H () (0) = 0.
(W) There exists a C-linear map o : B(X) — B satisfying (I) and (@) such that
GM(b) =o((b—X)1).

Proof. We begin with ([I) = (). Let o satisfy (I) and @). By [PV13], Lemma 5.8,
we may conclude that there exists a H-infinitely divisible distribution p € ¥ such
that p,(XP(X)X) = o(P(X)) for all P(X) € B(X) (here, p, denotes the free
cumulant function associated to p). Thus, the Voiculescu transform of p satisfies the
following equality:

7 oM (b) = —o((b— X))
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for all n € N and where the inverse in the equality is considered as a geometric series,
so that the right hand side is convergent for ||b=!|| small enough dependent on ().
Since p is H-infinitely divisible, by Proposition 5.1 in [Will3]], we have that the left
hand side of (7)) extends to
H*(B)UH™(B) | J{be Mu(B): o' < C}
n=1

where C'is a fixed constant, independent of n.

Now, by Proposition 1.2 in [PV13]], the fact that © € ¥ implies that y is realized as
the distribution arising from a non-commutative probability space (A, E, B). That is,

u(P(X)) = E(P(a))
for a fixed self-adjoint element @ € B and all P(X) € B(X). Thus, o((b— X)™!) =
pu(a(b—a)~'a) and, since b — a € M} (B) and p,, is a CP map on B(X)o we may
conclude that the o((b — X)~1) € M, (B) forall b € M, (B).
Further note that

H(b) =o((b" = X)) =) o((bX)"D)
k=0
is convergent in a neighborhood of zero since o satisfies (I). It is also immediate that
H(0) = 0. This completes one direction of our proof.
We now prove (I) = (). We will follow the proof of Theorem 4.1 in [Will3] and
refer to this paper for the appropriate terminology.
We recover our operator ¢ through the differential structure of H. Indeed, we define
the map o by letting
(0@1,) (b1 (X @1,)ba - - (X @1,)bes) := AFTH™(0,...,0 )(b1,ba, ..., beg1)
——
£4+2 — times
for elements by, bs, -+ ,ber1 € M,(B). It is a consequence of Proposition 3.1 in
[Wil13[] and [KVV14], Theorem 3.10 that this is a well defined operator. Moreover,
the equality
AL L 4™
HY™(0,...,0)(,b,...,0) = ————=H"™ (0 +tb)|1=
R ( 9 9 )( s Yy 9 ) (£+1)'dté+1 ( + )|t—0
¢+2 — times
and the fact that the function is analytic in a neighborhood of 0 implies that
48) H™ () =) (0®1,)((bX)"D)
k=0
once we show that o satisfies (IJ). Continuation will allow us to conclude that
(49) GMB)=> (@ 1,)((b' X)) = (e @ 1) ((b— X)7").
k=0
Thus, our theorem will follow when we can show that o satisfies properties (1)) and

@.
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To prove (1), we note that this is equivalent to showing that
o(b1Xby - Xbgy)|| < CMH!

for a fixed C' > 0, provided that ||bi|| = - = ||bey1|| = 1. This will follow
from uniform analyticity and matches the proof of the same fact in [Will3]. Indeed,
consider the element of My12(B)

0 by 0 0 --- 0

00 by 0 --- 0

00 0 bg --- O
B = .

000 0 0 - by

00 0 0 -~ 0

Note that H**1 has a bound of C on a ball of radius r about 0, independent of ¢
since we are assuming that H is uniformly analytic. Thus,

H58+1H(4+2) (0; B)||
(L+1)!
= |AG HED(0,...,0)(B,...,B)|
= |r DAL HE (0, 0)(rB,...,rB)|
(T e HED 0,rB) |
- €+ 1)

[o(b1Xba - Xbeir)|| =

r

41
r

where the last inequality follows from the Cauchy estimates in Theorem[2.2]
We must prove the technical fact that fact that

(50) oln, i) 20

Assume that o(P) < 0 for some P € M, (B) where we can assume that P > §1 for
some § > 0. Note that G™) (zP~1) € M (B) for all z € C* by assumption so that
MG (iAP~Y) € M (B) for all A € RT. Utilizing the series expansion in ([#9) as
well as the exponential bound that we have just proven, we conclude that the

lim AGM (iIAP~Y) = @ = —io(P) ¢ M (B).

This contradiction implies (30).
It remains to show (2). Once again, this will closely follow the proof of the analogous
fact in Theorem 4.1 in [Will3]]. Indeed, we will first show that

(51 (c@1,)(P(X®1,+b)"P(X®1,+by)) >0

for any monomial P(X) = b1(X ® 1,,)b2 -+ X ® 1,bey1 € M, (B)(X) and by €
M,,(B). We also assume that |bs11| > €l,, and the general case follows by letting
el 0.
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Towards this end, we consider elements C, Eq, Ey € M,,(s41)(B) defined as follows:

0 ¢o 0 O 0 0

g 0 e 0 0 0

0 ¢ 0 ¢ 0 - 0

0 0 o 0 6271 0 cr ¢ times
0 0 - 0 0 ¢ |ef

and E1 = 1,,¢41) — Eo where ¢; = 0b; fori = 1,...,fand cp1 = bey1/6" ford >0
to be specified. Note that by X by - - - Xbpy1 = c1 X ca - - - Xcgy1. We define a function

gD () = G (b —bo) : MYy (B) = My (B)

The following properties are rather trivial and their proof matches those of Theorem
4.1 in [Wil13]].

(a) C + €eEy > v1, for some v > 0 provided that 6 > 0 is small enough.
(b) The n X n minor in the top left corner of
[(C + €Eo)(X ® Lyeq1y + bo ® 1o1)*"D(C + eEy)

is equal to P(X + bo)P*(X + bg) + O(e).

(© gD (b) =307 o ([0 H(X @ Lygegr) +bo @ 141)]Pb") for b~ in a neigh-
borhood of 0.

(d) We have that z§((“+1)(zb) — o(b~"') in norm as |z| 1 co for b > ~1,,.

(e) h(HD) () .= g(n(+1)(h=1) has analytic extension to a neighborhood of zero.

The only one of these properties that differs from the proof of Theorem 4.1 in [Will3]
is (d). It follows immediately from the series expansion in (#8).

We now have the pieces in place to prove (31)). Note that @) implies that C' + e¢Ej is
invertible so that the map

2 gD (2(C + eEy) ™)

sends C* into M,,(B)~. Let B; ; € M, (B) fori,j = 1,...,¢+ 1 and consider the
element B = (B”)ijril € My,(¢41)(B). Given a state f € M, (B)* we define a new
state

fl,l(B) = f(Bl,l) : Mn(g+1)(B) — C.

We may define a map
Groe(z) = fra0 g™ (2(C +eBp)™h) : CT - C.
Properties (@) and (d) imply the following for z € C*:
lm 2Gpodz) = lm fia [z (O + eBy) )
= f1.1(c(C + €Ep)) > 0
where the last inequality will follow from the fact that f; ; is a state, property (@) and

(0D.
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Now, observe that the coefficient of 2~2*1 in the function Gy, is equal to
p(t**=1)) > 0. Furthermore, since

Greelz) = Z e+1
(o([(

i [(C + €Eo) (X ® Lyes1y + bo)]“(C + €Ey)))
Zé-i—l

£=0

we may conclude that
fraoo([(C+ €Eo)(X @ Ly(pq) + bo)* "V (C + eEy)) = p(t*~1) > 0.

Recalling (@), it follows that f o o([P(X + bo)P*(X + by) + O(e)]) > 0. Letting
€ J 0 and noting that f was an arbitrary state, we have proven that

(0@ 1,)(P(X +bo)P*(X +bp)) >0

for any monomial P(X) € M, (B)(X).

The extension from the case of monomials to general elements in B(X) follows the
proof in [Wil13] exactly so we will refrain from repeating it. This implies (@) and,
therefore, our theorem. O

REFERENCES

[ABFN13] Michael Anshelevich, Serban T. Belinschi, Maxime Fevrier, and Alexan-
dru Nica, Convolution powers in the operator-valued framework, Trans.
Amer. Math. Soc. 365 (2013), no. 4, 2063-2097. MR 3009653

[AW14] Michael Anshelevich and John D. Williams, Limit theorems for monotonic
convolution and the Chernoff product formula, Int. Math. Res. Not. IMRN
(2014), no. 11,2990-3021. MR 3214313

[BPV12] Serban T. Belinschi, Mihai Popa, and Victor Vinnikov, Infinite divisibility
and a non-commutative Boolean-to-free Bercovici-Pata bijection, J. Funct.

Anal. 262 (2012), no. 1, 94-123. MR 2852257

[BP99] Hari Bercovici and Vittorino Pata, Stable laws and domains of attraction in
[free probability theory, Ann. of Math. (2) 149 (1999), no. 3, 1023-1060,
With an appendix by Philippe Biane. MR 2000i:46061

[BPo78] Earl Berkson and Horacio Porta, Semigroups of analytic functions and com-
position operators, Michigan Math. J. 25 (1978), 101-115. MR 0480965
(58 #1112)

[Dun38] Nelson Dunford, Uniformity in linear spaces, Trans. Amer. Math. Soc. 44
(1938), no. 2, 305-356. MR 1501971

[HP74] Einar Hille and Ralph S. Phillips, Functional analysis and semi-groups,
American Mathematical Society, Providence, R. 1., 1974, Third printing of
the revised edition of 1957, American Mathematical Society Colloquium
Publications, Vol. XXXI. MR 0423094 (54 #11077)

DOCUMENTA MATHEMATICA 21 (2016) 841-871



870

[HS11]

[HS14]

MICHAEL ANSHELEVICH, JOHN D. WILLIAMS
Takahiro Hasebe and Hayato Saigo, The monotone cumulants, Ann. Inst.

Henri Poincaré Probab. Stat. 47 (2011), no. 4, 1160-1170. MR 2884229

, On operator-valued monotone independence, Nagoya Math. J. 215
(2014), 151-167. MR 3263527

[KVV14] Dmitry S. Kaliuzhnyi-Verbovetskyi and Victor Vinnikov, Foundations of

[Mur00]

[Mur01]

[NS06]

[PopO8]

[Pop12]

[PV13]

[Spe9s8]

[Voi87]

[Tay72]

[Tay73]

[Will3]

free noncommutative function theory, Mathematical Surveys and Mono-
graphs, vol. 199, American Mathematical Society, Providence, RI, 2014.
MR 3244229

Naofumi Muraki, Monotonic convolution and monotonic levy-hincin for-
mula, preprint, 2000.

, Monotonic independence, monotonic central limit theorem and
monotonic law of small numbers, Infin. Dimens. Anal. Quantum Probab.
Relat. Top. 4 (2001), no. 1, 39-58. MR 1824472 (2002¢:46076)

Alexandru Nica and Roland Speicher, Lectures on the combinatorics of
free probability, London Mathematical Society Lecture Note Series, vol.
335, Cambridge University Press, Cambridge, 2006. MR MR2266879
(2008k:46198)

Mihai Popa, A combinatorial approach to monotonic independence over a
C*-algebra, Pacific J. Math. 237 (2008), no. 2, 299-325. MR 2421124
(2009k:46119)

, Realization of conditionally monotone independence and monotone
products of completely positive maps, J. Operator Theory 68 (2012), no. 1,
257-274. MR 2966045

Mihai Popa and Victor Vinnikov, Non-commutative functions and the non-
commutative free Lévy-Hinc¢in formula, Adv. Math. 236 (2013), 131-157.
MR 3019719

Roland Speicher, Combinatorial theory of the free product with amalgama-
tion and operator-valued free probability theory, Mem. Amer. Math. Soc.
132 (1998), no. 627, x+88. MR 1407898 (98i:46071)

Dan-Virgil Voiculescu, Multiplication of certain noncommuting random
variables, J. Operator Theory, 18 (1987), 223-235. MR 915507
(89b:46076)

Joseph L. Taylor, A general framework for a multi-operator functional cal-
culus, Adv. Math. 9 (1972), 183-252. MR 0328625 (48 #6967)

, Functions of several noncommuting variables, Bull. Amer. Math.
Soc. 79 (1973), 1-34. MR 0315446 (47 #3995)

John D. Williams, Analytic function theory for operator-valued free prob-
ability, arXiv:1309.0877 [math.OA], to be published in Crelle’s
journal, 2013.

DOCUMENTA MATHEMATICA 21 (2016) 841-871



OPERATOR-VALUED MONOTONE CONVOLUTION SEMIGROUPS

Michael Anshelevich John D. Williams
Department of Mathematics Universitit des Saarlandes
Texas A&M Fachrichtung Mathematik
University Postfach 151150

College Station 66041.

TX Saarbriicken

77843-3368 williams @math.uni-sb.de

manshel @math.tamu.edu

DOCUMENTA MATHEMATICA 21 (2016) 841-871

871



872

DOCUMENTA MATHEMATICA 21 (2016)



	1. Introduction
	2. Preliminaries
	3. Lévy-Hincin Representations for Semigroups of Non-Commutative Functions.
	4. The Bercovici-Pata Bijection.
	Appendix A. Characterization of general Cauchy transforms
	References

