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1 Introduction

Concealing their rich structure behind apparent simplicity, Voronoi diagrams
and their dual Siamese twins, the Delaunay triangulations onstitute remark-
ably powerful and ubiquitous concepts well beyond the realnof mathematics.
This may be why they have been discovered and rediscoveredntie and again.
They were already present in elds as diverse as astronomy ahcrystallography
centuries before the birth of the two Russian mathematiciars whose names they
carry. In more recent times, they have become cornerstonesf enodern disci-
plines such as discrete and computational geometry, algahm design, scienti c
computing, and optimization.

To xideas, let us de ne their most familiar manifestations (in the Euclidean
plane) before proceeding to a sketch of their history, main poperties, and
applications, including a glimpse at some of the actors invived.

A Voronoi diagram induced by a nite set A of sites is a decomposition of
the plane into possibly unbounded (convex) polygons called/oronoi regions,
each consisting of those points at least as close to some pantlar site as to the
others.

The dual Delaunay triangulation associated to the same sef of sites is ob-
tained by drawing a triangle edge between every pair of sitesthose correspond-
ing Voronoi regions are themselves adjacent along an edge.oBs Delaunay has
equivalently characterized these triangulations via the empty circle property,
whereby a triangulation of a set of sites isDelaunay i the circumcircle of none
of its triangles contains sites in its interior.

These de nitions are straightforwardly generalizable to three and higher di-
mensions.
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Figure 1: From left to right: Johannes Kepler, Rere Descartes, Carl Friedrich
Gauss, Johann Peter Gustav Lejeune Dirichlet, John Snow, Edchond Laguerre,
Georgy Feodosevich Voronoi, and Boris Nikolaevich Delone.The rst seven
pictures have fallen in the public domain, and the last one wa kindly provided
by Nikolai Dolbilin.

One may wonder what Voronoi and Delaunay tessellations havéo do in this
optimization histories book. For one they are themselves dations of optimiza-
tion problems. More speci cally, for some set of sitesA, the associated Delau-
nay triangulations are made up of the closest to equilateratriangles; they are
also the roundest in that that they maximize the sum of radii of inscribed circles
to their triangles. Moreover, they provide the means to desdbe fascinating
energy optimization problems that nature itself solves [37[18]. Furthermore
Voronoi diagrams are tools for solving optimal facility location problems or
nding the k-nearest and farthest neighbors. Delaunay triangulationsare used
to nd the minimum Euclidean spanning tree of A, the smallest circle enclos-
ing the set, and the two closest points in it. Algorithms to construct Voronoi
diagrams and Delaunay triangulations are intimately linked to optimization
methods, like the greedy algorithm, ipping and pivoting, divide and conquer
[31]. Furthermore the main data structures to implement geanetric algorithms
were created in conjunction with those for Voronoi and Delaunay tessellations.

Excellent sources on the notions of Voronoi diagrams and Dalnay triangu-
lations, their history, applications, and generalizations are [12] 2/ 3[28].

2 A glance at the past

The oldest documented trace of Voronoi diagrams goes back ttwo giants of
the Renaissance: Johannes Kepler (1571 Weil der Stadt { 163BRegensburg)
and Rere Descartes (1596 La Haye en Touraine, now Descartgs1650 Stock-
holm). The latter used them to verify that the distribution o f matter in the
universe forms vortices centered at xed stars (his Voronoidiagram's sites), see
gure Z1[0]. Several decades earlier, Kepler had also intrasted Voronoi and
Delaunay tessellations generated by integer lattices whd studying the shapes
of snow akes and the densest sphere packing problem (that ab led to his fa-
mous conjecture). Two centuries later, the British physician John Snow (1813
York { 1858 London) once more came up with Voronoi diagrams inyet a totally
di erent context. During the 1854 London cholera outbreak, he superposed the
map of cholera cases and the Voronoi diagram induced by thetsis of the water
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Figure 2: Left: a Voronoi diagram drawn by Rere Descartes([9, and its recalcu-
lation displaying yellow Voronoi regions, with the dual Delaunay triangulation
in blue. Right: The Voronoi region centered on Broad Street pmp, sketched
by John Snow [33] using a dotted line.

pumps, see gurel[2 [33], thereby identifying the infected punp, thus proving
that Voronoi diagrams can even save lives. His diagram is refred to in [26] as
the most famous 19th century disease map and Snow as the fathef modern
epidemiology.

Around the time when John Snow was helping to ght the London cholera
epidemic, the eminent mathematician Johann Peter Gustav Lgune Dirichlet
(1805 Duaren { 1859 Gattingen) was in Berlin, producing some of his seminal
work on quadratic forms. Following earlier ideas by Kepler Eee above) and Carl
Friedrich Gauss (1777 Braunschweig -1855 Gettingen), he ansidered Voronoi
partitions of space induced by integer lattice points as sies [10]. Therefore, to
this day, Voronoi diagrams are also called Dirichlet tessaltions. Thirty years
later, Georges Voronoi (1868 Zhuravky { 1908 Zhuravky) exteded Dirichlet's
study of quadratic forms and the corresponding tessellatios to higher dimen-
sions [34]. In the same paper, he also studied the associateldal tessellations
that were to be called Delaunay triangulations. Voronoi's results appeared in
Crelle's journal in 1908, the year of his untimely death at the age of 40. He
had been a student of Markov in Saint Petersburg, and spent mst of his ca-
reer at the University of Warsaw where he had become a profess even before
completing his PhD thesis. It was there that young Boris Delme { Russian
spelling of the original and usual French Delaunay { (1890 Simt Petersburg
{ 1980 Moscow) got introduced to his father's colleague Voraoi. The latter
made a lasting impression on the teenager, profoundly in uacing his subse-
quent work [11]. This may have prompted theMathematical Genealogy Project
[25] to incorrectly list Voronoi as Delone's PhD thesis advsor just as they did
with Euler and his \student" Lagrange. Actually, Lagrange n ever obtained a
PhD, whereas Delone probably started to work on his thesis, bt de nitely
defended it well after Voronoi's death. Delone generalized/oronoi diagrams
and their duals to the case of irregularly placed sites ind-dimensional space.
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He published these results in a paper written in French[[7], wich he signed
Delaunay. During his long life spanning nearly a whole centey, he was not only
celebrated as a brilliant mathematician, but also as one of Rssia's foremost
mountain climbers. Indeed, aside from his triangulations,one of the highest
peaks (4300 m) in the Siberian Altai was named after him too. Br a detailed
account of Boris Delaunay's life, readers are referred to th beautiful biography
written by Nikolai Dolbilin [11]! Delaunay's characterization of his triangula-

tions via empty circles, respectively empty spheres in higar dimensions later
turned out to be an essential ingredient of the e cient construction of these
structures (see in sectiori ¥ below).

At least half a dozen further discoveries of Voronoi diagrans in such miscel-
laneous elds as gold mining, crystallography, metallurgy or meteorology are
recorded in [28]. Oddly, some of these seemingly independerediscoveries ac-
tually took place within the same elds of application. In 1933, Eugene Wigner
(1902 Budapest { 1995 Princeton) and Frederick Seitz (1911 & Francisco {
2008 New York City) introduced Voronoi diagrams induced by the atoms of a
metallic crystal [36]. Previously Paul Niggli (1888 Zo ngen - 1953 Zrich) [27]
and Delaunay [6] had studied similar arrangements and clased the associated
polyhedra. To this day, physicists indi erently call the cells of such Voronoi
diagrams Wigner-Seitz zones, Dirichlet zones, or domainsfaction.

It should be underlined that, over the last decades, Voronoiiagrams and De-
launay triangulations have also made their appearance in th elds of scienti c
computing and computational geometry where they play a cental role. In par-
ticular, they are increasingly applied for geometric modehg [4, [24,(1,/32] and
as important ingredients of numerical methods for solving partial di erential
equations.

3 Generalizations and applications

As described by Aurenhammer [[3], ordinary Voronoi diagramscan be inter-
preted as resulting from a crystal growth process as follows\From several

sites xed in space, crystals start growing at the same ratem all directions and

without pushing apart but stopping growth as they come into contact. The

crystal emerging from each site in this process is the regionf space closer to
that site than to all others."

A generalization in which crystals do not all start their growth simultaneously
was proposed independently by Kolmogorov in 1937 and Johnsoand Mehl in
1939 [20]. In the planar case, this gives rise to hyperbolicegion boundaries.

On the other hand, if the growth processes start simultaneosly but progress
at di erent rates, they yield the so-called Apollonius tessellations with spheri-
cal region boundaries, resp. circular in the plane. These pggerns can actually
be observed in soap foams [35]. Apollonius tesselations aie fact multiplica-
tively weighted Voronoi diagrams in which weights associagd to each site mul-
tiply the corresponding distances.

These types of Voronoi diagram patterns are also formed by ngelia as they
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Figure 3: Simulated hyphal growth. Left: Initially ten nume rical spores us-
ing self-avoidance grow and occupy the surrounding two-diransional medium,
de ning a Voronoi diagram. Right: Hyphal wall growth model u sing piecewise
at surfaces and Voronoi diagrams thereon.

evolve from single spores and compete for territory (see grel[3). The mycelium
is the part of the fungus that develops underground as an arbrescence whose
successive branches are called hyphae [18]. Certain moldstaally exhibit an
essentially planar growth. Hyphal growth in its interactio n with the surround-
ing medium can be modeled using the assumption that as they @w, hyphae
secrete a substance that di uses into the medium, whose commntration they
can detect and try to avoid, thereby both avoiding each otherand also accel-
erating their own circularization. Thus the relationship t o Voronoi diagrams
becomes apparent. At a more microscopic level, growth of hymal walls can
be simulated by modeling them as piecewise at surfaces thaévolve according
to biologically and mechanically motivated assumptions [B]. Therein, Delau-
nay triangulations and Voronoi diagrams on piecewise lineasurfaces are useful
tools.

Laguerre diagrams(or tesselations) are additively weighted Voronoi diagrans
already proposed by Dirichlet [10] decades before Edmond Wélas Laguerre
(1834 Bar-le-Duc { 1886 Bar-le-Duc) studied the underlying geometry. In
the early nineteen eighties, Franz Aurenhammer, who calls hguerre diagrams
power diagrams wrote his PhD thesis about them, resulting in the paper [2],
which to this date remains an authoritative source on the sulject. They had
previously also been studied by Laszb Fejes Toth (1915 Szged { 2005 Bu-
dapest) in the context of packing, covering, and illumination problems with
spheres|[[14[15].

Power diagrams yield a much richer class of partitions of spee into convex
cells than ordinary Voronoi diagrams. They are induced by a st of positively
weighted sites, the weights being interpreted as the squarkradii of spheres
centered at the sites. The region induced by some weightedtsii.e. sphere
consists of those points whos@ower with respect to that sphere is smaller or
equal to that with respect to all others [15,[12,[3]. Note that some spheres
may generate an empty region of the power diagram, which hasat do with
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Figure 4: The growth of a polycrystal modeled using dynamic pwer diagrams.
From left to right, larger monocrystalline regions grow, eding up the smaller
ones

the fact that the power with respect to a sphere is not a metricsince it can
be negative. The dual triangulations of power diagrams are alled weighted
Delaunay triangulations, or regular triangulations. These objects can be de ned
in Euclidean spaces of arbitrary dimension.

Laguerre tessellations turn out to be very powerful modelirg tools for some
physical processes, as for instance metal solidi cation oiceramics sintering.
During the production of ceramic materials, a polycrystalline structure forms
starting from, say alumina powder (Al,SQO3). With the help of time, heat and
pressure, the polycristal, which is a conglomerate of unadjined crystalline cells
undergoes a process in which larger cells grow at the expengkthe smaller ones
(see gure[d). It has been shown that at any point in time, three-dimensional
Laguerre tessellations are adequate representations of &u self-similar evolv-
ing polycrystalline structures [37]. Their growth is driven by surface energy
minimization, the surface being the total surface between djacent crystalline
regions. Not only is it easy to compute this surface in the cas of Laguerre
tessellations, but also its gradient when the parameters daing the generat-
ing spheres evolve. With the use of the chain rule, it is thus pssible to set
up motion equations for the generating spheres of the Laguee tessellation,
that re ect the energy minimization. They remain valid as lo ng as there is no
topological transformation of this tesselation (such a transformation consisting
either in a neighbor exchange or a cell vanishing). Whenevesuch a transfor-
mation takes place, the tessellation and motion equations &ave to be updated
and integrated until detection of the following topological transformation, and
so on. This process can go on until the polycrystalline struture becomes a
mono-crystal. The growth of foams can be modeled in a similafashion. All
this has been implemented in two and three dimensions for vgrlarge cell pop-
ulations, and periodic boundary conditions. The latter imply a generalization
of Laguerre tessellations to at tori. Such simulations remain the only way to
follow the dynamic phenomena taking place in the interior ofthree-dimensional
polycrystals.
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Another application, close to that in [15] comes up in the nurrerical simula-
tion of granular media where the behavior of assemblies of n@oscopic grains
like sand, corn, rice, coke is studied by replicating trajetories of individual
grains. Increased computing power in conjunction with the pwer supplied by
mathematics now allows simulation of processes involving imdreds of thou-
sands of grains. The main challenge involved is threefold:

realistic modeling of individual grain shapes beyond simp@ spheres;
realistic physical modeling of the interaction between coracting bodies;
e cient contact detection method.

The latter is where Delaunay triangulations are used. Inded, they yield meth-
ods that permit to e ciently test contacts within very large populations of
spherical grains. The underlying property being that whenerer two spherical
grains are in contact, their centers are linked by an edge oftte associated regu-
lar triangulation. Using this method requires an e cient an d numerically stable
updating procedure of regular triangulations associated ¢ dynamically evolving
sites. Using sphero-polyhedral grains (a sphero-polyhedn is the Minkowski
sum of a sphere with a convex polyhedron), this procedure cafe straight-
forwardly generalized to such quite arbitrarily shaped nonspherical grains.
With this approach, large-scale simulations of grain crysallization, mixing and
unmixing, and compaction processes in nature and technolgghave been per-
formed (see gure 5).

In principle, Voronoi diagrams can be de ned for sets of site on arbitrary
metric spaces, such as gira e and crocodile skins, turtle shils, or discrete ones
such as graphs with positive edge weights satisfying the tengle inequality,
giving rise to classical graph optimization problems.

4 Geometry and algorithms

The previously introduced d-dimensional power diagrams and the associated
regular triangulation can also be viewed as the projectiongo RY of the lower
boundaries of two convex @I+1)-dimensional polyhedra. In fact, this projective
property can be used as a de nition. In other words, a subdivsion of R? into
convex cells is a power diagram if and only if one can de ne a picewise-linear
convex function from RY to R whose regions of linearity are the cells of the
diagram (see [3], and the references therein). The same egalence is also
true for regular triangulations, where the given function is de ned only on the
convex hull of the sites and has simplicial regions of lineaty.

In this light, regular triangulations can be interpreted as a proper subclass
of the power diagrams. In other words, they are the power diatams whose
faces are simplices. Note that by far, not every partition ofspace into convex
polyhedral cells can be interpreted as an ordinary Voronoi ¢chgram. As shown
by Chandler Davis [5], power diagrams constitute a much ricter class of such
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Figure 5: Granular media simulation using regular triangulations. Left: All the
contacts occurring in a set of two-dimensional discs are detted by testing the
edges of a regular triangulation. This triangulation is defdcted in black and its
dual power diagram in light gray. Right: Simulation of the output of a funnel
with very low friction, involving about 100000 spherical particles. Contacts
are tested using regular triangulations.

partitions. In fact, in dimension higher than 2, every simple convex partition
is a power diagram. In analogy to simple polytopes, simple pditions consist
of regions such that no more thand of them are adjacent at any vertex. In this
context it is interesting to note that Kalai has shown that th e Hasse diagram of
a simple polytope can actually be reconstructed from its 1-keleton [22]. Recall
that the 1-skeleton of a polytope is the graph formed by its vetices and edges.
Hence the same also holds for simple power diagrams.

An important implication of the projection property is that software for
convex hull computationcan be directly used to compute power diagrams [16].
Since the nineteen-seventies, many other specialized algihms have been de-
veloped that compute these diagrams. Today, constructing a2-dimensional
Voronoi diagram has become a standatd homework exercise ofvery basic
course in algorithms and data structures. In fact, the optimal divide and
conquer algorithm by Shamos can be considered as one of the cornersies
of modern computational geometry (see [31]). In this recurse algorithm of
complexity O(nlog(n)), the set of n sites is successively partitioned into two
smaller ones, whereupon their corresponding Voronoi diagims are constructed
and sewn together. Unfortunately, no generalization of thg algorithm to higher
dimensions or to power diagrams is known.

Several algorithms that compute regular triangulations are known, though,
and by duality, one can easily deduce the power diagram genated by a set
of weighted sites from its associated regular triangulatio. Note in particular
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Figure 6: Four types of ips in 2-dimensions (left) and 3-dimensions (right).
The ips at the top insert or remove edge fb;dy and the ips at the bottom
insert or remove vertexd.

that one obtains the Hasse diagram of a power diagram by turmg upside down
that of the corresponding regular triangulation.

Plane Delaunay triangulations can be constructed usingip algorithms such
as rst proposed by Lawson [23]. While their worst-case com[exity is O(n?),
in practical cases they are not only a lot faster than that, but also have other
desirable numerical properties. Consider a triangulationof a set ofn points in
the plane. Whenever two adjacent triangular cells form a comex quadrilateral,
one can nd a new triangulation by exchanging the diagonals 6this quadrilat-
eral. Such an operation is called aredge ip and the ipped edges are called
ippable (see gure 6). A quadrilateral with a ippable edge is called illegal if
the circumcircle of one of its triangles also contains the tird vertex of the other
in its interior. Otherwise, itis legal It is easy to see that a ip operation on an
illegal quadrilateral makes it legal and vice-versa. The snple algorithm that
consists in ipping all illegal quadrilaterals to legality, one after the other in
any order, always converges to a Delaunay triangulation. Tseting the legality
of a quadrilateral amounts to checking the sign of a certain éterminant. Along
with the ip operation, this determinant-test generalizes to higher dimensions
[8]. Moreover, the aforementioned ip-algorithm can be gereralized to regular
triangulations { with weighted sites { by simply introducin g an additional type
of ip to insert or delete (ip in/ip out) vertices (see gur e 6) and testing a
slightly modi ed determinant. Unfortunately, in this case , this algorithm can
stall without reaching the desired solution. For rigorous treatment of ips using
Radon's theorem on minimally a nely dependent point sets, see [8].

The incremental ip algorithm [19] for the construction of regular triangu-
lations is a method that always works. Therein, a sequence afegular trian-
gulations is constructed by successively adding the sitesiian arbitrary order.
An initial triangulation consists of a properly chosen su c iently large arti cial
triangle that will contain all given sites in its interior an d will be removed once
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the construction is nished. At any step a new site is ipped in (see gure 6),
subdividing its containing triangle into three smaller ones, the new triangula-
tion possibly not being a Delaunay triangulation yet. Howewer, as shown in
[19], it is always possible to make it become one by a sequencé ips. This

incremental ip algorithm has been generalized in [13] to the construction of
regular triangulations in arbitrary dimension.

Any pair of regular triangulations of a given set of sites is connected by a
sequence of ips [8]. If at least one of the triangulations isnot regular, this
need not be the case. This issue gives rise to interesting gsions that will
be the mentioned in this last paragraph. Consider the graph Wose vertices
are the triangulations of a nite d-dimensional set of sitesA, with an edge
between every pair of triangulations that can be obtained fom one another
by a ip. What Lawson proved [23] is that this graph, called th e ip-graph of
A, is connected whenA is 2-dimensional. The subgraph induced by regular
triangulations in the ip-graph of A is also connected (it is actually isomorphic
to the 1-skeleton of the so-called secondary polytope [17])Furthermore, so is
the larger subgraph induced in the ip-graph of A by triangulations projected
from the boundary complex of (d + 2)-dimensional polytopes [29]. To this
date, it is not known whether the ip graphs of 3- or 4-dimensional point sets
are connected, and point sets of dimension 5 and 6 were foundhese ip-
graph is not connected [8] (the latter having a component coaisting of a single
triangulation!). Finally, it has been shown only recently that the ip-graph of
the 4-dimensional cube is connected [30].

5 Conclusion

This chapter has described a few milestones on a journey thastarted when
Kepler and Descartes used what were to become Voronoi diagns to study the
universe from snow akes to galaxies. These diagrams and ttiedual Delaunay
triangulations have meanwhile become powerful engineermdesign, modeling,
and analysis tools, have given rise to many interesting qué®ns in mathematics
and computer science, and have helped solving others (in pacular, Kepler's

conjecture! See for instance [21])). The journey is by far noended and will

certainly lead to still other fascinating discoveries.
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